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Abstract. New tables of Stark broadened hydrogen
Lyman, Balmer and Paschen lines are presented for a
wide range of plasma conditions, allowing the complete
spectrum of these series to be modelled up to the
Inglis Teller limit. The formalism, based on the Model
Microfield Method (MMM) for both the electronic and
ionic broadenings, gives an accurate description of the
line profile from the centre to the wings.
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1. Introduction
Hydrogen lines are of major interest in astrophysical problems. They are used, for example, to determine fundamental stellar parameters like effective temperature and
surface gravity or to derive the electron density in solar
flares. They also play a role in the macroscopic composition of stellar envelopes through the opacity and radiative
diffusion processes, and also in the structure of stellar atmospheres.
These purposes require reliable tabulations extending
from the line centres to the line wings. The first tables
of Underhill & Waddel (1959) were followed by those of
Vidal et al. (1973), which neglected the effects of the
ion motions in the ionic broadening (“static ion approximation”) and used a simplified description of electronic
broadening by neglecting the time ordering effects. These
assumptions are known to underestimate the line centre
broadening, especially at low densities. Nethertheless
Send offprint requests to: C. Stehlé
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these tabulations give a correct description of the line
wings and are extensively used for the spectral synthesis
of stellar atmospheres. In this context, they allow satisfactory reproduction of the variation of the stellar flux with
the wavelength. These tabulations have been recently
extended by Lemke (1997) to Paschen and Brackett lines.
They extend possibilities of the diagnostics of stellar
atmospheres towards the infrared.
The reason why the VCS tables were successful for
stellar atmospheres lies in the great importance of radiative transfer in the line centre, which smears out most
of the line structure. This situation is different in low
density media like solar flares where using these tables can
overestimate the density. Moreover, developments in high
resolution spectroscopy, may require also more accurate
astrophysical modelling and therefore improved input
physics. One of us tried to work in this direction by publishing tables of Lyman, Balmer and Paschen series for
the plasma conditions of stellar envelopes (Stehlé 1994a;
1996a); these tables have also been parametrized for the
two first series (Clausset et al. 1994). Unfortunately,
these tables were restricted to a limited range of density
and temperatures, and were not suitable for stellar
atmosphere applications. This is why we present here
new extended calculations for a density range between
1010 and 1019 cm−3 and temperatures between 2500 and
1.3 106 K. The extremes of these ranges of temperatures
and densities are calculated essentially to allow more
accurate interpolation in the tables.

2. Description of the method
The broadening of spectral lines by a plasma is due to the
interactions between the radiating element and the free
ions and electrons of the plasma. These two contributions
can be described in terms of interaction potentials with
the corresponding electronic and ionic plasma microfields.
These microfields are stochastic processes, whose static
properties are described by distribution functions P (E).
In the Model Microfield Method Frisch & Brissaud (1971),
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the dynamics of the microfield fluctuations are treated
by a statistical process model where the microfield (electronic or ionic) is assumed to be constant during a given
time interval. The microfield then jumps instantaneously
to another constant value for the next time interval. The
jumping times follow Poisson statistics, with a field dependent frequency ν(E). The calculation requires the knowledge of the electronic and ionic field distribution functions,
for which Hooper’s distribution functions (Hooper 1966;
Hooper 1968) were used. The other input parameter required is the jumping frequency ν(E), which is chosen so
as to reproduce the field autocorrelation function correctly
Brissaud & Frisch (1971); Stehlé (1994b).
This model is the only universal model, currently
available, which can reproduce correctly both the line
widths and the intensity profile in the line wings. However,
in the line centre, it might be interesting to compare
the MMM linewidths with the results of computer
simulations Gigosos & Cardenoso (1996); Cardenoso
& Gigosos (1997), which do not include the Doppler
broadening. Such simulations can reach accurate results
for the line width. On the other hand, they suffer from
two limitations, neither of which affect MMM modelling.
First, perturbing charges (electrons and ions) are assumed
to move along straight lines, which is incorrect at high
densities. Secondly, the numerical procedure converges
with difficulty at low densities and in the line wings,
where the contributions of rare close interactions become
important.

fluctuations. This justifies averaging the evolution operator over these electronic fluctuations for a given ionic
microfield value. The procedure has been applied to the
Model Microfield Method by Brissaud & Frisch (1971) and
discussed by Frerichs (1989). It requires first calculating,
for the static ionic microfield F i , the evolution operator
< U (ω, F i ) >e , averaged over electrons, and then performing the dynamical MMM average over the ions.
In practice, we express < U (ω, F i ) >e in terms of
the frequency dependent relaxation operator γe (ω, F i )
(Greene 1982) defined by

The present calculation, summarized below, follows
the procedure already described by Stehlé (1994a,
1994b). Let the initial and final states of the optical
transition be denoted by i, i0 ... and f, f 0 ..., (with energies
Ei , Ei0 , Ef , Ef0 ). The line profile, normalized to unit area,
I(ω), is defined in the Liouville space spanned by the
states |if >> by
1 X
I(ω) =
dif di0 f 0 < U (ω, F i , F e ) >ei; if,i0 f 0
(1)
π
0 0

U (ω + iνe (Fe )) = i (∆ωI − d.F e + iνe (Fe )I)−1 .

< U (ω, F i ) >e = i [∆ωI − dF i + iγe (ω, F i )]−1

(2)

where ∆ω is the detuning from the line center ω0 .
It is thus equivalent whether we calculate
< U (ω, F i ) >e or γe (ω, F i ). We shall suppose that
γe (ω, F i ) is independent of the ionic microfield value,
or γe (ω, F i ) = γe (ω). This approximation is justified
because the linear ionic splitting is almost negligible
compared to the electronic plasma frequency.
To obtain γe (ω), it is thus sufficient to calculate
< U (ω, F i ) >e for Fi = 0. This electronic average is
performed by the Model Microfield Method, using the
appropriate electronic frequency jump νe (Fe ) and the
MMM equation for < U >e ,
< U (ω) >MMM,e = {U (ω + iνe } + {νe U (ω + iνe ))}
× {νe I − νe2 U (ω + iνe )}−1
× {νe U (ω + iνe )}

(3)

where U (ω + iνe (Fe )) is defined by

if,i f

where < U (ω) >ei is the Fourier transform of the hydrogen evolution operator, averaged over the realizations
of the stochastic dynamic electronic and ionic microfields
F i , F e , and d is the dipole
Poperator of the hydrogen bound
electron (normalized to if d2if ).
We shall use the “no quenching approximation”, which
means that the interactions between the plasma and the
radiating element mix together only those eigenstates belonging to the same principal quantum number. Neither
do we include the fine structure effects. Thus Ef − Ei =
Ef 0 − Ei0 = h̄ω0 .
The typical fluctuation times of the ionic and electronic
microfields, respectively given by the inverse of the electronic and ionic plasma frequencies ωpe , ωpi , are very different. Thus, during an interval of constancy of the ionic
microfield F i , the electronic microfield presents large time

(4)

The notation {..} denotes the static Raverage over the elec∞
tronic plasma microfield Pe (Fe ) (i.e. 0 Pe (Fe )... dFe ) and
νe (Fe ) is defined by


ωpe
3 π 1/2
1/5
νe (Fe ) =
(40x) + x(x + 1) + ( )
(5)
x+1
2 2
with
Z Fe
x = x(Fe ) =
E 2 Pe (E)dE.
(6)
0

From < U (ω) >MMM,e the electronic damping rate γe (ω)
is extracted, using the relation 2, with Fi = 0. The dynamic average over all the realizations of the ionic microfields is then performed in the frame of the Model
Microfield Method. The method and equations are similar to the previous ones, if one uses the appropriate ionic
frequency jump νi (Fi ), (Eq. (17) of Stehlé (1994b), with
correction of the erroneous factor (160x)1/5 which should
be replaced by (40x)1/5 ), the ionic field distribution function Pi and the following expression of U (ω + iνi (Fi )) for
the fixed value of the ionic field F i ,
U (ω + iνi(Fi ) ) = i [∆ωI − d.F i + i(γe (ω) + νi (Fi )I)]−1 .(7)
One then obtains the plasma averaged evolution operator
< U (ω) >MMM,ei which includes the contributions of both
the ions and the electrons. The final Stark profile I(ω) is
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obtained after weighting of the averaged plasma evolution
operator < U (ω) > using Eq. (1).
In general γe (ω) is not diagonal in if and i0 f 0 . This
leads in practice to the numerical inversion of a non diagonal matrix, which is difficult to perform when the final state has a large principal quantum number. In this
case, in order to make the calculation more tractable, we
perform the “isotropic” calculation , in which γe (ω) is approximated by its scalar mean defined as
X
X
γ e (ω) =
dif di0 f 0 γe; if,i0 f 0 (ω)/
dif dif .
(8)
if,i0 f 0

if

This approximation gives exactly the same line wings
intensity as the “standard” calculation. At low densities,
it has been proved (Stehlé 1996a; Cassini 1997), that the
centres of hydrogen lines are lorentzian, with an halfwidth
equal to γ(ω). Thus this isotropic approximation has a
(small) effect only in the line centres and at large densities.
Even in this approximation, the calculation may be
too time consuming and one uses the “isotropic, with no
lower state interaction” approximation, but in a different way from that used by Stehlé (1994a). In both the
present calculation and in Stehlé (1994a), this approximation means essentially that the lower state broadening
is negligible compared with that of the upper state. In
Stehlé (1994a) expression (1) was evaluated for all the
dipole matrix elements dif di0 f 0 of the optical transitions.
Our method, in the present paper, differs in that we impose a more severe approximation, by assuming that for
large n0 , the line shape (without Doppler broadening) does
not depend at all on the lower level n of the transition.
This approximation also means that for the case where the
Doppler broadening is negligible (i.e. at large densities),
the Lyman n0 , Balmer n0 and Paschen n0 transitions have
the same profile. Doppler broadening must be fully taken
into account, as this obviously depends on the line. The
error introduced by this approximation has been discussed
by Vidal et al. (1971) and Lemke (1997) in the static ion
approximation. We illustrated the effects of the approximation, in the context of the MMM, for the Balmer 6, 7
and 8 transitions in Fig. 1.
In practice, we have carried out the calculation of the
Lyman 2, 3, 4, 5 and Balmer 3, 4, 5 with the “anisotropic”
approximation, and that for the Lyman 6 and higher, for
Balmer 6 to 7 and for Paschen 4 to 8 with the “isotropic”
approximation. The higher Balmer and Paschen lines are
approximated by “Lyman” Stark profiles convolved (if
necessary) by the appropriate Doppler broadening.
For any given density, there is an effective series limit
beyong which individual lines are no longer resolved. This
limit falls with density and can be estimated qualitatively
by the Inglis-Teller formula (Inglis & Teller 1939; Vidal
1966), as
log10 (nIT ) = 3.10 − 0.13 log10 (2 Ne /cm−3 ).

(9)
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Fig. 1. The line shapes of Ly6, Ly7, Ly8 (full lines) and H6,
H7, H8 (dashed lines), without Doppler broadening, in the
“isotropic” approximation for Ne = 1014 cm−3 and T =
10000 K. Detunings are given in frequency units

The present calculations are carried out for the Lyman and
Balmer lines up to the Inglis-Teller limit for 20 electronic
densities Ne (given by log10 (Ne (cm−3 )) = 10, 10.5, 11,...
18, 18.5, 19, 19.5), and 10 temperatures T in K (given by
log10 (T (K)) = 3.4, 3.7, 4.0 ... 5.5, 5.8, 6.1).
Although the MMM can perform line shape calculation
for correlated plasmas, the present tabulation is limited to
density-temperature range where the mean interelectronic
distance r0 is smaller that the electronic Debye length λd .
This allows the use of Hooper’s high frequency and low frequency field distribution functions Hooper (1966); Hooper
(1968), which are necessary to calculate respectively the
electronic and ionic contributions to the line. Thus tabulations are limited to the density-temperature range, where
a=

r0
(Ne /cm−3 )1/6
= 0.0898
< 1.
λd
(T /K)1/2

(10)

3. Use of the tables
Whatever quantity is chosen as the detuning parameter,
the intensity profile must be area normalized. The change
from wavelength λ to angular frequency ω is then given
by
I(λ) = I(ω) |dω/dλ| with ω = 2πc/λ.

(11)

The physical choice of parameter for the the line shape calculation is derived energy detunings (i.e. frequency, angular frequency, wavenumbers, energy...). For Stark broadening, it may also be convenient to normalize this detuning
by the normal Holtsmark field F0 defined by
F0 = e/r02
F0 /esu = 1.25 10−9 (Ne /cm−3 )2/3

(12)
(13)

where r0 , closely equal to the mean interelectronic distance is defined by
(4/15)(2π)3/2 r03 Ne = 1.

(14)

An appropriate choice for the detuning parameters for
Stark broadening calculations would be ∆Ω = ∆ω/F0

96
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(units: rad s−1 esu−1 ). Despite this, parameters based on
wavelength are often preferred for practical applications.
Previous tabulations (Vidal et al. 1973; Stehlé 1994a;
Stehlé 1996a; Lemke 1997) used reduced wavelength detunings defined as α units (Å esu−1 ) where
−1

∆α/(Å esu

)=

(∆λ/Å)
·
(F0 /esu)

(15)

As functions of energy or angular frequency detunings,
the line shapes are symmetrical around the line center,
i.e. I(−∆ω) = I(∆ω). The transformation of this relation
in wavelength detunings, should allow for the albeit small
asymmetry introduced by this choice of detunings, that is
we use
∆λ = −2πc

∆ω
ω0 (ω0 + ∆ω)

(16)

where ω0 and λ0 are respectively the angular frequency
and the wavelength of the unperturbed transition and
ω0 = 2πc/λ0 . This “trivial” asymmetry must be distinguished from the “intrinsic” asymetry, which is not included in this calculation. Hydrogen line “intrinsic” asymmetry is negligible for modelling stellar atmospheres. It is
due to different competitive mechanisms like for example fine structure effects (which affects the line centers
at low densities, Stehlé & Feautrier 1985), and quantum
and short range effects (see for example, Demura & Sholin
1975; Feautrier et al. 1976; Stehlé 1986; Demura et al.
1990; Döhrn et al. 1996; Günter & Könies 1997) which
mainly affect the line wings. These asymmetry sources are
not related to those observed in moving media.
In order to be consistent with earlier tabulations, we
performed the tabulation using reduced wavelength ∆α
detunings. For each transition, the line shapes tabulations
corresponding to different electronic densities are reported
in separate files. They are given for positive (wavelength)
detunings, before and after Doppler convolution. The line
wing parameter Kα is also given. It allows the line shape
to be extrapolated towards large detunings, the relation
I(∆ω) =

Kω
(∆ω)5/2

(17)

or in reduced wavelengths,

1/2
Kα
λ0 /F0 + ∆α
×
λ0 /F0
(∆α)5/2

3
λ0
Kα = Kω ×
·
2πc
I(∆α) =

(18)
(19)

Concerning the transitions from a highly excited level n0 ,
in “no lower state interaction”, the intensity profiles of the
Balmer, Paschen... and Lyman lines, in angular frequency
detunings, are (before Doppler convolution) exactly the
same. Thus the factor Kω is invariant.

4. Discussion
We shall not present here detailed comparisons with
availaible experimental results, since these may be found
in Stehlé (1994a) and (1996a) for individual lines, and in
Stehlé & Jacquemot (1993), for the comparison between
the Balmer series emissivity obtained with MMM profiles
and the experimental results. The examples presented
in these papers show that the line shape computation is
accurate to better than 10%. It differs from one line to
another and from the line center to the line wings. The
MMM approach slightly underestimates the ion dynamics
effects in the line centres at low densities. Moreover, the
description of short range interactions must be improved
in the far wings or at large densities.
Spontaneous emission and fine structure effects are not
included in the calculation. For a given electronic density
and temperature, these effects are more important for the
lowest lines of the series. The broadening effect of spontaneous decay can to a good approximation be introduced
through a convolution with a Lorentz profile. Fine structure effects can also be qualitatively introduced through a
convolution with the corresponding Dirac structure spectrum.
Broadening due to the interaction with neutral hydrogen atoms (or other atoms), leading to Van der Waals and
resonance broadening are not included here, but could be
by convolving the corresponding profile with the Stark
profile.
To illustrate the new possibilities offered by the present
extended tabulations, we calculated the emissivity of two
different plasmas near the Balmer series limit, assuming
that both are in Local Thermodynamical Equilibrium, and
using the method described in Stehlé & Jacquemot (1993).
These two cases are first, an hydrogen plasma with an electronic density equal to 1013 cm−3 and a temperature of
10000 K (solar chromospheric plasma) and secondly 4.5
1014 cm−3 and 44000 K (Figs. 2, 3).
The first case (Fig. 2) shows a large number of resolved
lines. Each of them could provide information about the
plasma conditions. The diagnostics will be more tightly
constrained by using a part of the spectrum including several lines.
The same conclusions can be drawn in the second example (Tokamak case). The conditions have been chosen
in order to reproduce the experimental line widths of the
2 − 8, 2 − 9, 2 − 10 and 2 − 11 transitions (i.e. H8, H9, H10
and H11) given by Welch et al. (1995). After deconvoltion
from experimental broadening, these authors obtain full
half widths of 4.7, 5.9, 7.5 and 9.6 Å respectively. We
were able to model 4.6, 5.8, 7.5 and 9.4 Å for parameters of 4.5 1014 cm−3 and 44000 K. The spectrum (Fig. 3)
corresponds qualitatively with the experimental ones. The
H11 transition is partly merged with the H12 ones, which
makes it more difficult to determine the half width. Our
determination is only indicative, and ignores the fact that
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Fig. 2. LTE emissivity of an hydrogen plasma at Ne =
1013 cm−3 and T = 10000 K
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Fig. 3. LTE emissivity of an hydrogen plasma at Ne = 4.5
1014 cm−3 and T = 44000 K

the experimental plasma is a plasma of deuterium instead
of hydrogen. Thus Doppler broadening is smaller in the
experiment (FWHM of the order of 0.3 Å for deuterium
at 3900 Å for 0.4 Å for hydrogen). Nethertheless it is interesting to note that our calculation gives a smaller electronic density than those obtained by these authors. This
point has been underlined by Welch et al. (1997).
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