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Abstract. Diameter measurements performed with the solar astrolabe are affected by instrumental and atmospheric
effects. The problem is to know how these effects contribute to the error on diameter measurements. Thus, a
numerical simulation is developed to bring some responses
to this problem. For this purpose, synthetic images of
the Sun similar to the ones obtained by the instrument
through the Earth atmosphere are simulated. A fractal
model is used to generate randomly perturbed wavefronts
and therefore optical response of the whole system, atmosphere and instrument. Many sequences of solar images are then simulated for various observation conditions
(Fried’s parameter r0 , spatial coherence outer scale L0 and
atmospheric characteristic times). They are used to define
the time of contact of the direct and reflected solar images which is fundamental in the solar astrolabe experiment. It is then studied as a function of the observation
conditions relatively to the experimental characteristics
(exposure time).
Key words: Sun: fundamental parameters — atmospheric
effects — methods: numerical

1. Introduction
Many authors reported and discussed variations observed
in the Sun’s diameter measurements performed during
the last three centuries (Toulmonde 1997). These results
added greater interests to the solar diameter measurements and long term variations. Thus, many programs
were born for solar geometry goals. Visual and photoelectric measurements have been made using instruments dedicated to the solar diameter measurements (Brown et al.
Send offprint requests to: J. Borgnino

1982; Bode et al. 1995; Laclare 1983; Laclare et al. 1980,
1996; Neckel 1995; Wittmann 1997; Wittmann et al. 1981,
1991). The mean values of solar radius reported from these
programs were dispersed. The difference lied between a
few tenths to more than two arcseconds. Moreover, variations have not always been noted from the observation series of the solar programs. Using the observations recorded
with the solar diameter monitor (Brown et al. 1982) during
the period 1982 to 1987, Brown & Christensen-Dalsgaard
(1998) did not observe any variations. In their work, they
used special methods in order to eliminate some atmospheric effects. However, in opposite, variations were observed in diameter measurements performed with the solar
astrolabe (Delache et al. 1985; Laclare et al. 1996).
The astrolabe experiment of Calern Observatory
(France) has begun in 1975, when the first measurements
were obtained. Since the beginning of the solar program
up to now, visual observations were made regularly
while the CCD ones began in 1988. Figure 1 represents
the visual solar data recorded at Calern Observatory
astrolabe during the period 1975 to 1996. It is clearly
shown an oscillation with a period of about ten years
corresponding probably to the solar cycle but in opposite
phase. Others new solar astrolabe programs have been
then developed from these new exciting results (Laclare
et al. 1996; Leister & Benevides Soares 1990; Noël 1995;
Sanchez et al. 1995). Several studies were also developed
in order to analyze (Moussaoui et al. 1998; Delache et al.
1985; Gavryusev et al. 1994) and to valide the recorded
data (Laclare et al. 1996; Irbah et al. 1994). For this
purpose and to improve the astrolabe experiment, all
effects which are able to cause variations or degradations
of the solar data, are required to be studied.
The present work is a study of the instrumental and
atmospheric turbulence effects to the contribution to
diameter measurement errors when observing with
a solar astrolabe. It is developed using a numerical
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Fig. 1. Solar radius measurements obtained using the Calern
Observatory astrolabe during the period 1975 to 1996

simulation where the principal atmospheric parameters
are introduced. The effect of each parameter is studied
separately in order to evaluate its proper contribution
to the global diameter error. Section 2 presents the
simulation of solar images as observed at the astrolabe
through the atmospheric turbulence. In the simulation,
a fractal model is used to generate randomly perturbed
wavefronts and therefore point spread functions (psf )
of the whole atmosphere-instrument. In Sect. 3, we
present the steps leading to the instant of the Sun
transit by the small circle needed for the diameter
measurement with the astrolabe. Finally, we expose and
discuss the results obtained for the contribution of each
atmospheric parameter to the error on the diameter
estimation.

2. Synthetic images as observed at the solar astrolabe
In this section, solar images with similar characteristics
as those recorded at the astrolabe through the atmospheric turbulence are simulated. The optical response of
the whole system atmosphere and instrument is then calculated using a fractal model to generate the randomly
perturbed wavefronts. It is used to build solar images
in various seeing conditions and with different exposure
times. Let us first present the synthetic image of the Sun
which is needed for the simulation.

2.1. Synthetic image of the Sun
Several models of the solar limb darkening function exist.
The model we use to build the synthetic image of the Sun
is given by (Allen 1973):


Oλ (α) = Oλ (0) 1 − u2 − v2 + u2 cos(α) + v2 cos2 (α) (1)
where Oλ (α) is the intensity of the solar continuum at
an angle α from the centre of the disk. α represents the

Fig. 2. Solar limb darkening function a) and the synthetic image
of the sun b)

angle between a Sun’s radius vector and the line of sight.
α = 0 corresponds to the centre of the disk and α = π2
λ (α)
to the solar edge. The ratio O
Oλ (0) , which varies with the
wavelength λ defines the limb darkening. For the used observation wavelength (λ = 0.55 µm), the constants u2 and
v2 are respectively equal to 0.93 and −0.23. The plot in
Fig. 2a shows the solar limb darkening function where the
intensity was normalized between 0 and 255 for our needed
calculations. The Fig. 2b represents a solar image sample
2
where the field size is equal to 128 by 12800 .

2.2. Simulation of the optical response of the whole
system, atmosphere and instrument using a fractal model
The psf of the whole system instrument and atmosphere is
needed to generate the solar image sequences as recorded
through the atmosphere in various observation conditions.
We present first, the fractal model used to generate the
two-dimensional randomly perturbed wavefronts and then
the deduced optical responses.

2.2.1. The randomly perturbed wavefront synthesis using
a fractal model
The turbulence follows a fractal structure. The model used
to generate the randomly perturbed wavefront function
ϕ is based on a mid point displacement algorithm (Lane
et al. 1992; Beaumont et al. 1996). To simulate a L by L
phase screen, the first step is to choose three points φ1 ,
φ2 and φ3 disposed at the summits of an isoceles triangle
with base and height equal to 2L (Fig. 3). Phase function
values at these points are Gaussian random variables with
zero means and with variances given by:
√  1
σ2 (φ1 ) = Dφ
5L − Dφ (2L)
(2)
2
and
1
σ2 (φ2 ) = σ2 (φ3 ) = Dφ (2L)
(3)
2
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Fig. 3. The fractal interpolation grid used to generate the
perturbed wavefronts
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< > denotes a mean average. Dφ (r) is the phase structure function deduced from the Kolmogorov’s law and the
Von Karman model (Ziad 1993). r0 is the Fried’s parameter which qualifies the observations (seeing) (Fried 1966)
and L0 the spatial coherence outer scale of the wavefronts
(Borgnino 1990).
Equations (2), (3) and (4) show that φ1 , φ2 and φ3 follow the theoretical phase structure function deduced from
the Kolmogorov turbulence law since:

D
E 
√ 
2
√
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|φ1 − φ2 | = ϕ(x) − ϕ(x + 5L)
= Dφ
5L
D
D
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√
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5L)

2

= |ϕ(x) − ϕ(x + 2L)|



(5.1)
√ 
= Dφ
5L
(5.2)

E

= Dφ (2L) . (5.3)

Three new points φ12 , φ13 and φ23 of the phase screen are
generated midway between each existing points by a process of linear interpolation and addition of independent
random variables ε1 , ε2 and ε3 , such as:
1
(φ1 + φ2 ) + ε1
2
1
= (φ1 + φ3 ) + ε2
2
1
= (φ2 + φ3 ) + ε3
2

φ12 =

(6.1)

φ13

(6.2)

φ23

2

2

σ (ε1 ) = σ (ε2 ) = Dφ

(6.3)
√ !
√ 
5
L − βDφ
5L
2

(7.1)

Fig. 4. Perturbed wavefront sample generated for r0 = 4 cm
and L0 infinite

and
σ2 (ε3 ) = Dφ (L) − βDφ (2L)

(7.2)

where β is a semi-empirical coefficient equal to 0.25.
The iterative procedure interpolation/displacement is
then repeated in each new generated triangle until the desired numbers of samples are obtained. The needed L by
L phase screen is extracted from the middle of the base
of the original isoceles triangle (Fig. 3). The Fig. 4 shows
the simulation of a perturbed wavefront sample using the
model. It is simulated for a Fried’s parameter r0 equal to
4 cm and a spatial coherence outer scale supposed infinite.
2.2.2. The simulated point spread function
The psf S of the whole system telescope and atmosphere
is given by the square modulus of the Fourier Transform
(F T ) of the complex amplitude Ψ limited to the pupil
area:
h
  i2
−
→
−
→
S( θ ) = F Tpupil Ψ ξ
(5)
where
 
  
−
→
−
→
Ψ ξ = exp iϕ ξ
.
Equation (8) assumed the near field approximation
(Roddier 1981). ϕ is the turbulent phase generated
−
→
with the fractal model, ξ is the angular frequency
−
→
vector considered in the pupil plane and θ the angular
coordinate vector in the focal plane.
−
→
S( θ ) corresponds to an image of speckles. In Fig. 5 are
represented four typical short exposure speckle images obtained using the procedure developed in the previous section. They are simulated for Fried’s parameters r0 equal
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Fig. 5. Speckle images obtained from the fractal model. The image field is equal to 64 by 6400 and the Fried’s parameter equal
respectively to 2 a), 4 b), 6 c) and 10 cm d)
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Fig. 6. Simulated solar images recorded with a short exposure
time and r0 equal to 3 a) and 7 cm b). Solar limbs extracted
from images recorded in these seeing conditions (dashed line:
r0 = 3 cm and solid line: r0 = 7 cm) c)

respectively to 2, 4, 6 and 10 cm and with a pupil aperture D equal to 10 cm. The spatial coherence outer scale
of the used randomly perturbed wavefronts has an infinite
value. Large boiling and displacements of the speckle centroids are observed for small values of r0 while for r0 equal
to the pupil aperture, the speckle image is similar to the
diffraction pattern of the instrument.
We are then able to simulate psf ’s of the whole system telescope and atmosphere in various seeing conditions
and also for different integration times (average of short
exposure samples).
2.3. Simulation of recorded solar images in various
observation conditions
Solar images as recorded through the terrestrial atmosphere are simulated. Assuming isoplanatism, a solar image is obtained by the convolution of the synthetic image
of the Sun (see Sect. 2.1) with the psf of the imaging
system (atmosphere and telescope):
 
−
→
−
→
−
→
−
→
I( θ ) = O( θ ) ⊗ S θ
with θ ≤ θ0
(6)
where ⊗ is the convolution symbol and θ0 the isoplanatic
angle.
We use this formalism to build solar images recorded in
various seeing conditions and with different CCD integration times. The spatial coherence outer scale of the generated perturbed wavefronts is infinite. The pupil aperture
D and the observation wavelength are respectively taken
equal to 10 cm and 0.55 µm. These kind of images will be
useful in the next section to develop the error study on solar diameter measurement. They have similar properties
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Fig. 7. Simulated solar image recorded in same seeing conditions (r0 = 5 cm) but with different exposure times (t ≤ τ
a) and t  τ b)). Solar limbs extracted from images recorded
with exposure time respectively lower (solid line) and higher
(dashed line) than the atmospheric characteristic time τ c)

as those recorded with the solar astrolabe (Laclare et al.
1996; Laclare & Merlin 1991).
2.3.1. Solar images recorded in different seeing conditions
but with a short exposure time
In this case, solar images are simulated using various
Fried’s parameters r0 (Fig. 6) but integration times short
enough to freeze the turbulent motion of the atmosphere
i.e. the integration time t is less than the characteristic
evolution time of the atmosphere τ (Aime et al. 1986).
For a given simulated image sequence, Fried’ s parameter
r0 remains constant but images are obtained with independent psf ’s.
2.3.2. Solar images recorded in same seeing conditions
but with different exposure times
Long exposure solar images are obtained by the average
over a great number of short exposure frames. The integration time t of the long exposure images is then equal
to nτ where n is the number of averaged images and τ
the atmospheric characteristic time. Figure 7 shows the
simulated solar images recorded in same seeing conditions
(r0 = 5 cm) but with different integration times.
3. Error on the diameter measurements performed with
a solar astrolabe. Results and discussion
We use in this section, the previous developments to study
the error behavior of solar diameter measurements performed with a solar astrolabe in various seeing conditions

L. Lakhal et al.: Error on solar diameter measurements
(a)

(b)

250

159
(c)

2

200

200

Intensity ( arbitrary unit )

150

100

arcsecond

Intensity ( arbitrary unit )

100
1

0

0
-100

50

0

-1
0

40

80

120

arcsecond

-200
0

40

80

120

0

arcsecond

10

20

second

Fig. 8. Analysis of an image sequence composed of short exposure frames recorded for a Fried’s parameter equal to 3 cm. a)
Typical simulated solar limb extracted from a solar image. b) Second derivative of the solar limb function and definition of
the inflexion point. c) Reconstructed trajectories of both direct and reflected solar images approximated by straight lines using
least-square fits

and for different integration times of the CCD camera.
It is useful to recall first the basic properties of the solar
astrolabe experiment.
3.1. The solar astrolabe experiment
The diameter measurement principle consists in the determination of the time transits of the solar edges by the
small circle localized at an altitude Z defined by the angle
of the astrolabe prism (Laclare 1983). The solar diameter
is deduced from the time interval between the two solar
limb transits by the same small circle. Near the transit of
the Sun by the small circle, the astrolabe gives two images of the object: a direct and a reflected ones. Each of
them moves in the astrolabe focal plane due to the diurnal motion. The instant when the solar edge crosses the
small circle corresponds to the contact of the two images.
In the solar experiment, each solar image is formed on a
CCD camera using a rotating shutter (Laclare & Merlin
1991). The solar image is analyzed by the acquisition system which extracts in real time, the solar edge. The edge is
determined by the inflexion points of the solar limb function given by each image line.
For one solar image, the recorded data represent the
solar edge associated to the corresponding time acquisition. For each solar edge transit by the small circle, data
consist in a sequence of about 100 images recorded during about 20 seconds. The solar trajectory is determined
from the data for both direct and reflected images. The
intersection point of the trajectories gives the time when
the solar edge crosses the small circle.
3.2. Simulation of solar data recorded in various
observation conditions
To simulate observations at the astrolabe, solar image
sequences recorded in various observation conditions are

needed. For given observation conditions, a simulated sequence is constituted with 50 direct images and 50 reflected ones. Each simulated solar image has a size of 128
by 12800 2 . The pupil aperture D and the observation wavelength are also respectively equal to 10 cm and 0.55 µm.
A Sun mean velocity of 1500 by second of time is taken in
order to introduce the diurnal motion. To each solar image
is associated a recorded time taking in reference the first
simulated one. The acquisition sampling is fixed to 20 seconds. Each solar image of the sequence is then analyzed
and the solar edge extracted. As in the solar experiment,
the edge is defined as the zero of the second derivative of
each solar limb function assimilated to an image line. The
edge associated to the corresponding time allows to build
the trajectories for both direct and reflected solar images.
The trajectories are after that approximated by straight
lines using least-square fits and the desired intersection
point so determined (Fig. 8).

3.3. Results and discussion
Since the diameter measurement is deduced from the two
instants of the solar edge transit by the small circle, we
will develop our error study around the time transit behavior. Using the previous developments, many sequences
of solar images have been simulated in various observation
conditions (Fried’s parameter r0 , outer scale L0 , exposure
time t) (see Sect. 2.3). The sequence analysis leads to the
transit time of the Sun by the small circle directly linked
to the observation conditions. Thus, because of temporal
fluctuations observed on the trajectories, the time transit
is not well defined (Irbah et al. 1994). We define the error
∆t associated to the transit time t0 as:
∆t = |t0 − ttrue |

(7)

where ttrue denotes the true contact time of solar images
obtained in ideal seeing conditions.
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Fig. 9. Time contact error with: a) the seeing (-*: short and .•.: long exposure frames), b) the outer scale L0 (-*: r0 = 2 cm
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We will now analyze the error behavior with the
observation conditions.

and 0.900 when short and long exposure frames are used
(see Table 2).

3.3.1. Error due to the seeing

3.3.2. Error due to the spatial coherence outer scale of
the perturbed wavefronts

Solar image sequences composed of short and long exposure frames are used to study the error behavior with the
seeing. They are simulated for various seeing conditions
and supposing an infinite outer scale of the randomly perturbed wavefronts. For a given Fried’s parameter r0 , the
error ∆t is determined over an average of 50 transit times
deduced from each kind of the simulated solar sequences.
The plot of the Fig. 9a shows the error behavior with the
seeing as obtained from the simulation. In each case, a decrease of the error with good seeing conditions is observed.
The use of long exposure frames in the experiment gives
however, a greater error on the time contact than when using short exposure frames. This is better observed on the
figure for poor seeing conditions. Indeed, in case of short
exposure frames, the error is greater than 28 ms when the
r0 value is about 2 cm and falls down to about 13 ms for r0
equal to 5 cm (see Table 1). The precision improvement
is then equal to 54%. The error still decreases to about
9 ms for r0 equal to 8 cm and improves the precision of
about 68%. When using long exposure frames, the error
which is equal to 61 ms when r0 is equal to 2 cm, falls
down to about 20 ms for r0 equal to 5 cm. The precision
improvement is then equal to 67%. The error decreases to
about 11 ms for r0 equal to 8 cm which gives a precision
improvement of about 82%.
For mean seeing conditions at Calern Observatory
(r0 = 4 cm) (Irbah et al. 1994), the error is about 16 ms
if short exposure frames are used and about 29 ms in
case of long exposure frames. According to the considered Sun mean velocity (see Sect. 3.2), the error on the
solar diameter measurement is respectively equal to 0.500

To study this effect, image sequences composed of short
exposure frames recorded in same seeing conditions are
generated for different spatial coherence outer scales. The
error ∆t is determined over an average of 30 transit time
samples. The Fig. 9b represents the time contact error
behavior with the outer scale L0 in two different seeing
conditions (r0 = 2 and 4 cm). In each case, the error increases with the outer scale L0 in order to reach a limit
value. It is also observed from the figure that this parameter has a significant effect only when it has small values
(L0 ≤ 8 m). It is limited after that by the error induced by
the seeing. For the mean seeing conditions of the Calern
Observatory, the error on the time transit is respectively
equal to about 12 and 13 ms for L0 equal to 2 and 8 m
(see Table 1). It remains then constant to about 14 ms
when L0 values are greater than 20 m. This corresponds
to an error on the solar diameter measurement of about
0.100 when L0 takes values from 2 to 20 m (see Table 2).
3.3.3. Error due to the exposure time relatively to the
observation conditions
A similar study has been also developed using sequences
simulated in case of different exposure times relatively to
the turbulence characteristic time. The outer scale is supposed infinite and two seeing conditions are considered
(r0 = 2 and 4 cm). We define the parameter Rτ as the ratio between the exposure time and the characteristic time.
The Fig. 9c shows the time difference ∆t behavior with the
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Table 1. Error on the time contact
r0 (cm)

2
3
4
5
6
7
8
9
10

∆t (ms)
(L0 infinite)
Rτ ≤ 1 Rτ  1
28.2
60.5
19.3
41.4
15.5
29.4
12.7
20.4
11.3
15.5
9.7
13.0
8.6
11.2
7.6
9.9
7.0
7.3

L0 (m)

0.5
1
2
3
4
6
8
10
12
14
16
40

∆t (ms)
(Rτ ≤ 1)
r0 = 2 cm r0 = 4 cm
15.5
8.7
18.4
10.3
20.5
11.5
21.6
12.2
22.3
12.6
23.0
13.0
23.6
13.3
23.7
13.5
23.9
13.5
24.0
13.6
24.1
13.7
24.6
13.7

Rτ

∆D (00 )
( Rτ ≤ 1)
r0 = 2 cm r0 = 4 cm
0.5
0.3
0.6
0.3
0.6
0.4
0.7
0.4
0.7
0.4
0.7
0.4
0.7
0.4
0.7
0.4
0.7
0.4
0.7
0.4
0.7
0.4
0.7
0.4

Rτ

1
5
10
15
20
25
30
40
50
60
70
80

∆t (ms)
(L0 infinite)
r0 = 2 cm r0 = 4 cm
28.2
15.5
60.6
29.4
75.1
43.4
86.0
55.3
91.2
65.6
95.8
74.1
100.0
81.2
104.7
89.1
106.5
94.4
107.2
95.9
107.8
97.4
108.0
98.5

Table 2. Error on the solar diameter measurements
r0 (cm)

2
3
4
5
6
7
8
9
10

∆D (00 )
(L0 infinite)
Rτ ≤ 1 Rτ  1
0.9
1.8
0.6
1.2
0.5
0.9
0.4
0.6
0.3
0.5
0.3
0.4
0.3
0.3
0.2
0.3
0.2
0.2

L0 (m)

0.5
1
2
3
4
6
8
10
12
14
16
40

Rτ parameter. For the considered seeing conditions, it is
observed a growth of the time difference ∆t for small Rτ
values which reaches a limit value. For the mean seeing
condition of Calern Observatory, the error on the time
transit is equal to 15.5 ms (0.500 on the diameter measurements) for Rτ equal to 1 (short exposure frames) which
corresponds to the error due to the seeing (r0 = 4 cm). It
is multiplied by a factor 2.8 then 4.2 when Rτ value goes
from 10 to 20. It remains to a constant value of about
100 ms (300 on the diameter measurements) for the higher
values of the Rτ parameter. Consequently, the precision
loss is about 280% when Rτ goes from 1 to 10 and about
420% when it becomes equal to 20 (see Tables 1 and 2).
We can notice finally that, although long exposure
frames are obtained in best seeing conditions, the precision is worse than that we obtain in case of poor seeing
conditions but with short exposure frames (with Rτ ≤ 1
and r0 = 2 cm, ∆t = 28 ms while with Rτ = 10 and
r0 = 4 cm, ∆t = 43 ms). Thus, to have at least same
accuracy’s time contact than for poor seeing conditions,
Rτ needs to be less than a factor 5. Thus, the Rτ parameter appears to be fundamental in the solar astrolabe

1
5
10
15
20
25
30
40
50
60
70
80

∆D (00 )
(L0 infinite)
r0 = 2 cm r0 = 4 cm
0.9
0.5
1.8
0.9
2.3
1.3
2.6
1.7
2.7
2.0
2.9
2.2
3.0
2.4
3.1
2.7
3.2
2.8
3.2
2.9
3.2
2.9
3.2
3.0

experiment. A knowledge of time turbulence properties is
then suitable to adjust experimental parameters and improve accuracy of diameter measurement performed with
the solar astrolabe. Table 1 summarizes the results on the
time contact error obtained from this simulation while
Table 2 presents the same results but for the solar diameter measurements.

4. Conclusion
Solar diameter measurements performed at Calern
Observatory astrolabe during two solar cycles (22 years)
shows variations. These variations leaded to many studies
and one cause often advanced is the Earth atmosphere.
It is then in order to quantify how the atmospheric
turbulence effects contribute to the error in the solar diameter estimations that the present work was
developed. It is based around a numerical simulation
of the measurements at the solar astrolabe in various
observation conditions. The first step was to simulate
images of the Sun as those observed at the solar astrolabe
through the Earth atmosphere. A synthetic image of
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the Sun was then needed. It was built using a model of
the limb darkening function. A fractal model was after
used to generate wavefronts randomly perturbed by the
atmospheric turbulence and therefore optical responses
of the whole system atmosphere and instrument. They
were generated for various observation conditions and
used to obtain the solar images. The second step was
to simulate the astrolabe experiment and to define
the needed parameters for the diameter measurements.
The observed trajectories of both direct and reflected
images are then built for various observation conditions.
These are defined by the Fried’s parameter, the spatial
coherence outer scale of wavefronts and the ratio of the
exposure time to the atmospheric characteristic time.
The intersection point of the trajectories corresponding
to the Sun transit time by the small circle, was then
determined linked to the observation conditions. The
study of the error due to atmospheric turbulence effects
was developed around the transit time behavior with
the observation conditions. Results show a decrease of
the error with good seeing conditions whatever the used
exposure times. The precision is however better in case
of short exposure times than for long ones. A growth of
the error is observed with the values of spatial coherence
outer scale. It is significant only for small values of the
outer scale and limited after by the error induced by
the seeing. The error behavior is more critical with the
exposure time relatively to the turbulence characteristic
time. The error increases rapidly with the time ratio in
order to reach a limit value. Thus, to have at least the
same accuracy on the diameter measurement in poor
seeing conditions that what we have with good seeing
but using long exposure frames, this parameter needs
to be less than a factor 5. This ratio seems then to be
fundamental for the precision of the measurements with
the solar astrolabe. To improve measurement diameter
accuracy with the solar astrolabe, knowledge of time
turbulence properties is suitable to adjust experimental
parameters.
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