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Limb-darkening coefficients of illuminated atmospheres
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Abstract. The effect of mutual illumination in a close bi-
nary on the limb-darkening coefficients is studied using
the UMA (Uppsala Model Atmosphere) code in convective
line-blanketed atmospheres illuminated by line-blanketed
fluxes, for 3700K < Teg < 7000K and 7000K < T}, <
12000 K. The results show that the limb-darkening coef-
ficients of illuminated atmospheres are significantly dif-
ferent from the non-illuminated ones and mostly depend
on four parameters: the amount of incident energy, the
illumination direction, the effective temperature of the il-
luminated star and the temperature of the illuminating
one. We present bolometric, monochromatic and passband
specific coefficients and we give, for the latter, analytical
expressions in order to easily account for the effect in light
curve synthesis programs.

Key words: stars: fundamental parameters — stars:
atmospheres — binaries: close; eclipsing

1. Introduction

Limb-darkening coefficients can only be directly deter-
mined for very few stars apart from the Sun. Due to that,
when computing light curves (LC) synthesis programs,
those coeflicients are usually interpolated from tables of
theoretical values calculated from atmosphere models.
Over the past decades many analytical approxima-
tions have been proposed to describe the variation of the

Send offprint requests to: L.P.R. Vaz

e-mails: silvia@fisica.ufmg.br, lpv@fisica.ufmg.br

* Tables 1, 2 and 3 will be also accessible in
electronic form at the CDS via anonymous ftp to
cdsarc.u-strasbg.fr (130.79.128.5) or via http://cdsweb.u-
strasbg.fr/ Abstract.html

intensity over a stellar surface. Initially, the most adopted
was the linear limb-darkening law (Milne 1921):

_L(p) _
= I/:(l) =1-x\(1-p) (1)

where I is the beam intensity at the wavelength A, p is the
co-sinus of ~, the angle between the atmosphere normal
and the beam direction (the line of sight angle, see Fig. 1)
and z is the so-called limb-darkening coefficient. This law
gives a good description of the limb-darkening in the so-
lar atmosphere that, due to its temperature and physical
conditions, is reasonably well represented by a grey atmo-
sphere (for which the limb-darkening is well adjusted by
the linear law). Lately, mainly due to theoretical studies on
stellar atmospheres, other non-linear laws were proposed,
as the polynomial approximations, that better described
the effect away from the solar temperature range:

_ Lw)

I(1)
where y, are the non-linear limb-darkening coefficients,
n = 2 (Wade & Rucinski 1985, using the version 1979 of
ATLAS by Kurucz 1979; Manduca et al. 1977 and Claret
& Giménez 1990, using versions of UMA, see Gustafsson
et al. 1975; Bell et al. 1976) for the quadratic case and
n = 3 (Van’t Veer 1960, quoted by Diaz-Cordovés &
Giménez 1992) for the cubic law.

The logarithmic approximation, proposed by
Klingesmith & Sobieski (1970) gave very good re-
sults in representing their theoretical models, valid for
the interval 10000 K < Tog < 40000 K:

Ra(p) = 2?8

confirmed by Van Hamme (VH, 1993), with ATLAS
(version 1991). Diaz-Cordovés & Giménez (1992, using
ATLAS version 1979) proposed a new non-linear approx-
imation, a square root limb-darkening law:

_ ()
I\(1)

Rx(p)

Ra(p) =1l-a\(1—p)—ya(l —p)" 2)

=1-ax(1—p) —ypplnpy, (3)

Rx(n) =1-z\(1—p)—ya(l = V). (4)
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Fig.1. Geometry of illumination in a double star system

In subsequent papers (Claret et al. 1995 and Diaz-
Cordovés et al. 1995, both using ATLAS version 1991),
studies are made only with the square root law and the
quadratic and linear ones. In that case, the square root
approximation seems almost always to be the best one.

According to VH, the logarithmic law gives the best
approximation in the UV, while the square root law is the
best in the IR and longer wavelengths. In the optical re-
gion, cooler stars are better represented by the logarithmic
law and high temperature stars by a square root law.

In close binary systems, the mutual irradiation affects
the light curves and the spectra of both stars. The reflec-
tion effect present in close binary systems has a strong in-
fluence on limb-darkening coefficients, as already noticed
by Vaz & Nordlund (1985), Nordlund & Vaz (1990) and
Claret & Giménez (CG, 1990). One effect concerns the val-
ues of the limb-darkening coefficients, which are changed
by the infalling flux. In fact, even the limb-darkening law
which best represents the variation of the flux with the
line of sight angle may change due to the external illumi-
nation. Another important difference, as compared to the
normal stellar atmospheres (for which the limb-darkening
laws and coefficients are valid over the whole stellar sur-
face), is that the illuminated atmospheres show different
limb-darkening coefficients (and laws) for different points
on the stellar surface, due to the dependence of these on
the incidence angle of the infalling flux. Therefore, the
best representation for the center-to-limb variation of the
surface brightness of eclipsing binary components in the
synthetic LC generation studies is to use the coefficients
calculated for the local configuration (i.e. considering the
apparent radius, the direction of illumination and the tem-
perature of the companion, see below).

Our goal is to understand how the external illumina-
tion affects the limb-darkening laws and coefficients and
to present the results in a way to easily account for the
effect in LC synthesis programs. We made calculations
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of bolometric, passband-specific and monochromatic limb-
darkening coefficients for all the laws presented above.

In real systems both stars are affected by the mutual
illumination. However, in the present study we do not con-
sider the effect of the irradiation from the illuminated (or
reflecting) star on the illuminating one (also referred to
as heating or source star), i.e. the small changing in the
effective temperature of the illuminating star due to the
“reflection effect” from its companion. As we are consider-
ing mostly systems for which the illuminated star is cooler
than the illuminating one, this is probably a minor contri-
bution. Consequently, we did not take second order effects
into account (back reflection), either.

In Sect. 2 we describe the method and study the effect
of illumination on the limb-darkening laws and coefficients
(bolometric, monochromatic and for the passband specific
filters of the Strémgren and of the Johnson-Morgan pho-
tometric systems), presenting the results as polynomial
expressions and tables. We discuss the results in Sect. 3,
and present our conclusions in Sect. 4.

2. The atmosphere model

We wuse the Uppsala Model Atmosphere (UMA,
Gustafsson et al. 1975; Bell et al. 1976) code, in a ver-
sion by Vaz & Nordlund (1985), as described in Alencar
& Vaz (1997). The code is intended for cool (3500K <
Teg < 8000K) atmospheres, and assumed hydrostatic
equilibrium, a plane—parallel structure, and local ther-
modynamic equilibrium. Convection is modelled with the
mixing length recipe.

An illuminated model is defined by its effective tem-
perature T, its surface acceleration of gravity g, mixing
length parameter « = [/Hp, and chemical composition
(fixed at solar abundance in this work). The external illu-
mination is parametrized by the direction of illumination
v (the cosine of 6, the incidence angle with respect to the
surface normal), the effective temperature of the heating
star Ty, and its apparent radius r}, (the ratio between the
radius of the heating star and the distance from its cen-
tre to the point on the surface of the reflecting star). The
geometry of illumination in a double star system is shown
in Fig. 1. We kept a = I/ Hp fixed at 1.5 for the reflecting
star atmosphere.

We noticed that the effect caused by illumination on
the limb-darkening was rather weakly dependent on the
log g of the model. This can be seen in Fig.2, where we
show that the effect of changing the logg from 3.5 to
5.0 corresponds to only +7% and +9% of the overall ef-
fect of illuminating an atmosphere of Teg = 3697K by
Ty = 3700K and 10000K, respectively. Therefore, we
did calculations only for log g = 4.5, as for this value
we achieve a representative mean effect of illumination for
the interval 3.5 < log g < 5.0. We study illuminated at-
mospheres with line absorption (line-blanketed or ODF)
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Fig.2. Comparison between the effect of the surface gravity
and of external illumination on the limb-darkening, here ad-
justed by the logarithmic law, see Eq. (3). The * symbols cor-
respond to the non—illuminated model with Teg = 3697 K.
The ¢ and A symbols correspond to this model illuminated
by T, = 3700K and 10000 K, respectively. The dashed lines
correspond to models with log g = 3.5, the dash-dotted ones to
log g = 4.0, the solid lines to log g = 4.5 and the dotted lines
to logg = 5.0

in convective equilibrium. The ODF tables limit the tem-
perature range of this study to those corresponding to
(ZAMS) stars with masses ranging from 0.6 Mg to 1.5 M.

This same model has been used to study, in another
paper and for the first time in the literature, the effect of
illumination on the gravity brightening exponent (3, an-
other important parameter for LC synthesis. That work
(Alencar et al. 1998) is a continuation of the study of the 8
exponent using stellar atmospheres (Alencar & Vaz 1997).

2.1. The method

The atmosphere model generates intensities in six differ-
ent angular directions (1 = 0.06943, 0.33001, 0.5, 0.66999,
0.93057 and 1.0) and 368 wavelengths ranging from 1500 A
to 124000 A. Starting from these data, monochromatic,
passband-specific and bolometric limb-darkening coeffi-
cients can be calculated. We will present here the results
obtained using two different calculation methods. The first
one, described by CG, determines the coefficients by least
square-fitting of the integrated and normalized model in-
tensities. The second method follows the procedure out-
lined by VH where a number of physical constraints, equal
to the number of coefficients to be determined, are as-
sumed. The limb-darkening coefficients are obtained by
solving the constraint equations. Using a one parameter
law, the constraint is the conservation of the total flux and
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Fig.3. Adjusted limb-darkening laws for a non-illuminated
model and 4 illuminated models (varying ). The asterisks
represent the model results

for a two parameter law, the additional constraint that
the mean intensity of the approximation and the atmo-
sphere model must be equal is applied. When calculating
the passband coefficients we made a convolution of the in-
tensities with the response functions corresponding to the
Stromgren filters uvby (Crawford & Barnes 1970) and the
UBYV RI passbands (Bessel 1983). We used in the convolu-
tion the atmospheric mean transmission by Allen (1976),
the reflection curve of two aluminum coated mirrors (Allen
1976), the sensitivity of a 1P21 photo-multiplier from
Kurucz (1979) and for the Stromgren filters, the sensi-
tivity function of the SAT photometer (Florentin-Nielsen
1983, personal communication).

We calculated models with relative fluxes (Frei, =
[Th/Teg)*rn?v) ranging from 0 to 2, whenever possible
(rn < 1). Those values are easily found in the literature
amongst many types of binary systems. Using v = 1 we
find Fio = 0.446 for VPup (detached, Andersen et al.
1983), 0.338 for LZ Cen (detached, Vaz et al. 1995), 0.386
for RY Aqr (semi-detached, Helt 1987), 0.660 for DH Cep
(detached, Hilditch et al. 1996), 1.35 for AT Peg (algol,
Maxted et al. 1994), 2.39 for HU Tau (algol, Maxted et al.
1995) and 2.72 for TV Cas (algol, Khalesseh & Hill 1992).

Many of the binary systems above also have temper-
atures that fall in our selected ranges: RY Aqr (Teg =
4500K and T, = 7600K), AT Peg (4898K and 8395K),
HU Tau (5495K and 12022K) and TV Cas (5248 K and
10471 K).

As with Ty, close to Teg we could not get large values
of Fi. with reasonable values of ry, we studied models
mostly ranging in the interval 7000 K < T3, < 12000 K.
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Fig.4. The run of the temperature with the optical depth
(Rosseland mean) for the models shown in Fig. 3

The illuminating non—grey fluxes with 7}, < 7000K were
generated with the UMA code, while for higher T}, we
took the fluxes from Kurucz (1979). We did calculate some
models with Ty, close to Teg (T, = 3700K, 4600 K, 5500 K,
6700K) and the results are in agreement with our stud-
ies with higher T} so that our results do apply for lower
heating temperatures, also. However, we advise caution in
using those approximations extended to outside the limits
proposed in this work.

In Sect.2.2 we give the results obtained with line-
blanketed atmospheres illuminated by line-blanketed
fluxes, showing differences in the calculations with the two
distinct methods.

2.2. Results

Figure 3 shows that the external illumination strongly af-
fects the limb-darkening laws and coefficients of illumi-
nated atmospheres as compared with the non-illuminated
ones. These models are approximately equivalent to those
calculated by CG and v has a mean value between ver-
tical and grazing incidence. In order to be consistent we
will show the results for the Strémgren w filter, but the
effects are similar for the other calculations done, bolomet-
ric, monochromatic and for all the Stromgren filters and
the UBV RI filters of the Johnson-Morgan system, as well.
As we increase the amount of incident energy, for example
by increasing the apparent radius while keeping the other
parameters fixed, the law for non-illuminated models no
longer represents the calculated intensities, showing that
non-illuminated coeflicients yield wrong limb-darkening
laws when used with illuminated stars.
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Fig.5. I(p)/I(1) vs. p curves for the Stromgren u filter and
various models, see the text for explanation. The meaning of
the different linestyles and symbols is the same as in Fig. 3

A first interesting result from Fig. 3 is that, depending
on the set of parameters chosen, we observe an effect of
limb brightening instead of darkening. This can be under-
stood as follows: when looking at a stellar disk we nor-
mally see the limb darker than the center because, despite
of seeing the same optical depth in both, it corresponds
to deeper, and consequently hotter, layers in the center
than in the limb. In a illuminated star, the temperature
distribution in the atmosphere becomes more and more
homogeneous as we increase the illumination flux, until it
reaches a state where there is no center-to-limb darken-
ing and the star’s brightness is the same throughout the
stellar disk. This can be seen in Fig. 4, where we show the
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Fig.6. F'/Fy calculated with the coefficients determined by
the CG method. Models used: v = 0.07, Ty, = 7000 K

temperature structure for the models shown in Fig. 3. The
larger the amount of infalling flux the higher the tempera-
ture of the external layers and the larger the region where
it stays approximately constant.

If we keep increasing Fj., by changing either ry, T},
or v, we reach a situation where the most external layers
are hotter than the internal ones. As we see more exter-
nal layers looking at the limb than looking at the cen-
ter, we have a limb brightening effect. In Fig.5 we illus-
trate that effect in three panels, each with four I(u)/I(1)
vs. p curves, varying the many parameters. The effect is,
though, dependent not only on the amount of the infalling
flux. The first panel of Fig.5 shows models that reach
limb brightening with constant 73, and incident direction,
but changing Fie through changes in r,. Panels 2 and
3 show that limb brightening can also be achieved with
constant Fye (= 0.5), either by keeping T}, constant and
using different pairs of r, and v, or by fixing v and chang-
ing r, and Ty,. We can also notice in Figs.3 and 5 that
the linear law (straight lines) is a poor approximation for
the limb-darkening of illuminated atmospheres, while for
Ter ~ 5 500K it fits well the non-illuminated case (Fig. 3).
One should mention here that, although the models of
Fig. 3 are similar to those calculated by CG, they do not
report any evidence for the limb brightening effect in their
work.

The methods by CG and VH, used here to calculate
the coefficients, differ from each other in some important
aspects. While CG emphasize the point of using coeffi-
cients that best match the relation I(u)/I(1) vs. u, even if
the total flux is not perfectly conserved, VH says that the
physical constraints of his method are introduced in or-
der to avoid non-physical coeflicients. In non-illuminated
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atmospheres CG find that the total emergent flux obtained
by integrating the intensities calculated from the adjusted
coefficients (F’) does not differ more than 2% from the
total flux obtained from the model intensities (Fy,), and
that when choosing a non-linear law, the difference van-
ishes. We calculated the relation (F”/Fy,) for all our illu-
minated models, and the result for a set of models is shown
in Fig. 6. As noticed, the linear law is not a good approx-
imation when dealing with illuminated atmospheres. We
find that the mean difference between the fluxes is around
4% (with a maximum of 26% in some models) in the case
of a linear law and less than 1% (however with a maximum
of 6%) for the non-linear ones. These results show that for
an illuminated atmosphere the CG method should be used
with care, as, for some models, even choosing a non-linear
law, the flux is not conserved. Due to that we decided to
adopt the VH method in our calculations of all the results
presented in Tables 1 and 2.

Tables 1 and 2 are a sample of the tables with the
monochromatic, bolometric and passband-specific limb-
darkening coefficients than can be accessed electronically.
We calculated coefficients for the linear, quadratic, cu-
bic, logarithmic and square root laws, for stars with
3700K < Teg < 6700K heated by a companion with
7000 K < Ty, < 12000 K, with relative fluxes ranging from
0.0 to 2.0 and the illumination direction, v, varying from
0.07 to 0.97. The parameter ) in Table 1 has the same
meaning as in VH. It is a quality factor that shows how
good is the fitting to the model intensities, the smaller the
Q the better the fitting:

Q= \/Z?—l[RA(,ui) - R\)\(Ni)P

6—m

()

where m = 1 for a one-parameter law (linear law) and
m = 2 for a two parameter law (non-linear laws). Ry(u)
stands for the ratio Iy(u)/I5(1) determined with the at-

PN

mosphere model and Ry (p) for the same ratio determined
with the limb-darkening approximation. When determin-
ing the bolometric coefficient, @ was calculated as:

A

o N FRIQM) "

=

LT FX)

where F'()) is the monochromatic flux, A; is the shortest
and Ay the longest wavelength used in the UMA code.

When calculating with the CG method we do not de-
termine the monochromatic limb-darkening coefficients, so
Q cannot be obtained by integrating them. In order to be
able to compare the results from the CG and VH methods,
we used in Table 2, the following similar definition:

Qfilter = \/Z?—l[Rﬁlter(ﬂi) — %(ﬂi)]z.

6—m

(7)

Although only the VH results are presented in Table 2,
we performed calculations with both methods. In general,
the CG method gives a smaller () than VH, representing
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Table 1. Sample of the table with the bolometric and monochromatic limb-darkening coefficients

Model 5, Teg = 3697 K, Fie1 = 0.150, v = 0.06943, Ty, = 7000 K

Linear Law Quadratic Law Cubic Law Logarithmic Law Square Root Law I, p=1)

A (nm) x Q z Y Q z Y Q z Y Q z Y Q <ﬁm)

bolometric  0.240 (0.0300 0.221 0.040 (0.0115 0.230 0.033 (0.0088 0.267  0.040 (0.0088 0.181  0.099 (0.0080

153.20 —0.099 (0.0128) —0.130 0.062 (0.0023) —0.114 0.051 (0.0007) —0.058 0.062 (0.0008) —0.192 0.154 (0.0009 7.100e4-01
155.70 —0.091 (0.0120) —0.121 0.059 (0.0021) —0.106 0.050 (0.0005) —0.052 0.059 (0.0006) —0.180 0.149 (0.0007 9.564e+01
158.90 —0.082 (0.0113) —0.111 0.056 (0.0019) —0.096 0.047 (0.0004) —0.045 0.056 (0.0005) —0.167 0.141 (0.0006) 1.389e+02
600.70  0.398 (0.0153 0.408 —0.021 (0.0144 0.403 —0.018 (0.0138 0.383 —0.021 (0.0138 0.430 —0.053 (0.0137 2.704e+06
603.30 0.395 (0.0154 0.407 —0.023 (0.0145 0.401 —0.019 (0.0139 0.380 —0.023 (0.0139 0.429 —0.057 (0.0135 2.715e+06
606.70  0.392 (0.0158 0.405 —0.025 (0.0147 0.399 —0.021 (0.0140 0.376 —0.025 (0.0140 0.430 —0.063 (0.0137 2.726e+06
11691.20 0.028 (0.0200 0.070 —0.084 (0.0076 0.049 —0.070 (0.0054) —0.028 —0.084 (0.0055 0.155 —0.211 (0.0045 1.332e+-03
12153.40 0.026 (0.0208 0.069 —0.087 (0.0077 0.048 —0.073 (0.0054) —0.032 —0.087 (0.0056 0.157 —0.218 (0.0046 1.146e+-03
12432.30  0.024 (0.0209 0.069 —0.089 (0.0077 0.046 —0.074 (0.0053) —0.035 —0.089 (0.0054 0.158 —0.222 (0.0046 1.050e+-03

Table 2. Sample of the table with the passband-specific limb-darkening coefficients. We calculated the coefficients for the
Stromgren wvby filters and for the Johnson-Morgan UBV RI filters. B2 and B3 are the response function of the B filter with
and without the earth’s atmosphere transmission function, respectively (see Buser 1978)

Model 5, Teg = 3697 K, Fier = 0.150, v = 0.06943, T, = 7000 K

Linear Law Quadratic Law Cubic Law Logarithmic Law Square Root Law

filter T Q T Y Q T Yy Q T Y Q T Y Q
uw 0.320 (0.0894) 0.575 —0.511 (0.0365) 0.448 —0.426 (0.0301) —0.021 —0.511 (0.0296) 1.087 —1.279 (0.0259
v 0.380 (0.0624) 0.518 —0.275 (0.0253) 0.449 —0.229 (0.0183 0.197 —0.275 (0.0185) 0.793 —0.688 (0.0149
b 0.317 (0.0563) 0.445 —0.256 (0.0250) 0.381 —0.214 (0.0188 0.146 —0.256 (0.0189) 0.701 —0.641 (0.0156
y 0.299 (0.0449) 0.396 —0.193 (0.0212) 0.348 —0.161 (0.0163 0.171 —0.193 (0.0164) 0.589 —0.482 (0.0139
U 0.265 (0.0887) 0.514 —0.498 (0.0356) 0.389 —0.415 (0.0287) —0.068 —0.498 (0.0283) 1.012 —1.246 (0.0244
B2 0.323 (0.0567) 0.456 —0.266 (0.0251) 0.389 —0.222 (0.0190 0.145 —0.266 (0.0190) 0.722 —0.666 (0.0158
B3 0.326 (0.0581) 0.460 —0.268 (0.0245) 0.393 —0.223 (0.0181 0.147 —0.268 (0.0182) 0.728 —0.671 (0.0148
V' 0.307 (0.0410) 0.390 —0.166 (0.0201) 0.349 —0.139 (0.0159 0.196 —0.166 (0.0159) 0.557 —0.416 (0.0138
R 0.354 (0.0217) 0.383 —0.058 (0.0161) 0.368 —0.048 (0.0146 0.315 —0.058 (0.0146) 0.441 —0.145 (0.0139
I 0.291 (0.0195) 0.316 —0.049 (0.0147) 0.303 —0.041 (0.0135 0.258 —0.049 (0.0135) 0.365 —0.124 (0.0129

Table 4. Linear and quadratic limb-darkening coefficients for
non-illuminated models. Our calculations were made with
Ter = 6700K while Claret & Giménez (1990) used Teg
6730 K, both with log g = 4.5. For the quadratic law, at the top
is the linear coefficient and below it the non-linear one. Here
CG stands for the results by Claret & Giménez (1990), CG’
and VH’ correspond to our calculations using the methods by
CG and VH and, respectively, and, finally, VH correspond to
the values by Van Hamme (1993), bi-linearly interpolated for
Teg = 6700K and logg = 4.5

band Linear Quadratic
CG CG” VH VH CG CG" VH
U 0.78 0.76 0.70 0.64 0.65 0.65 0.63
0.14 0.15 0.14
v 0.79 0.77 0.72 0.66 0.68 0.67 0.66
0.13 0.13 0.14
b 0.74 0.72 0.69 0.60 0.63 0.63 0.62
0.13 0.13 0.13
Y 0.65 0.63 0.59 0.51 0.51 0.52 0.52
0.16 0.16 0.15
U 0.79 0.76 0.70 0.64 0.66 0.64 0.61
0.15 0.16 0.17
B 0.76 0.74 0.70 0.62 0.64 0.64 0.63
0.13 0.13 0.13
|4 0.63 0.63 0.60 0.51 0.48 0.51 0.52
0.17 0.15 0.15

a better fit. That was an expected result as CG does not
require any constraint to the fitting, the coeflicients being
calculated directly by applying the least squares method
to the integrated intensities obtained with the atmosphere
model. As VH applies the constraint of total flux conser-
vation the fittings are often worse, but always physically
correct. We observe that the worse the fitting with VH
method the more the CG coefficients fail in conserving
the total flux (|(F'/Fwm)| > 1).

As already noticed by Claret & Giménez (1990), the
limb-darkening coeflicients of an illuminated atmosphere
strongly depend on many parameters, making it difficult
to find a simple function that describes the effect. We
propose, for the passband specific coefficients, a solution
to easily account for the effect in LC synthesis programs,
parametrizing with polynomials the results obtained. In
Eq. (8) K represents z or yx of Egs. (1) to (4) for the
different limb-darkening laws:

3
K =a,(t) + Zan(t, v, tn) F" (8)
3
a, = anm(y, tn)t"™ 9)
m=0
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Table 3. Sample of the table with the polynomial adjusted coefficients for the Stromgren u filter. See Egs. (2), (8)-(11)
a0 - quadratic law
b00 b01 b02 b03
d0olo dooi1 d0oi2 d01l0  do1i1 d01i2 d0210 do2i1 d02i2 d03l0 do3i1 d03i2
cOm0_L 10.93 —7.248 0.3957 —7.797 4.569 —0.2498 1.888 —0.9371 0.05130 —0.1432 0.06236 —0.003416
cOml1._L —416.9 82,57 —4.093 254.7 —50.65 2.521 —50.50 10.09 —0.5041 3.259 —0.6536 0.03277
cOm2_L 891.2 —172.7 8.373 —541.8 1054 —5.128 106.9 —20.86 1.019 -6.861 1.344 —0.06590
cOm3_L —520.8 99.85 —4.792 315.9 —60.76 2.927 —62.15 12.00 —0.5800 3.982 —0.7710 0.03740
cOmO_NL —34.82 13.11 —0.7404 25.86 —8.808 0.4929 —6.056 1.909 —-0.1058 0.4440 —0.1320 0.007240
cOm1_NL 354.2 —85.30 4.891 —242.4 57.77 —3.283 53.71 —12.67 0.7140 —3.806 0.8899 —0.04969
cOm2_NL —699.0 168.3 —9.626 475.2 —113.2 6.424 —104.9 24.75 —1.393 7.432 —1.737 0.09703
cOm3_NL 408.7 —98.24 5.601 —275.7 65.61 —3.714 60.54 —14.27 0.8019 —4.274 0.9982 —0.05570
al - quadratic law
b10 b1l bl2 bl3
d10l0 d1oi1 d10l2 d11l0 d11i1 d11i2 d12l0 d12i1 d12]2 d13l0 d13i1 d13i2
c1lmO0_L —10.58 8.848 —0.5346 4.765 —5.034 0.3140 —1.547 1.077 —0.06571  0.1549 —0.07678  0.004508
clml_L 371.0 —85.77 4.585 —231.9 53.70 —2.906 50.95 —11.61 0.6254 —3.682 0.8205 —0.04368
clm2_L —700.3 1544 —8.303 469.9 —-102.7 5.530 —106.3 22.91 —1.222 7.773 —1.647 0.08689
clm3.L 403.4 —84.34 4.455 —278.3 5794 —-3.059 63.51 —13.12 0.6877 —4.649 0.9513 —0.04941
clmO_NL —822.9 165.6 —9.820 472.6 —98.62 5.918 —88.36 19.05 —1.161 5.385 —1.198 0.07424
clml1_NL 6542. —1373. 73.18 —3589. 769.6 —41.78 642.6 —140.8 7.799 —37.59 8.431 —0.4767
clm2_NL —1.102e+04 2297. —120.9 5963. —1269. 68.04 —1051. 228.5 —12.50 60.32 —13.43 0.7516
clm3_NL 5652. —1172. 61.22 —3033. 641.4 —34.15 528.2 —114.1 6.209 —29.93 6.625 —0.3688
a2 - quadratic law
b20 b21 b22 b23
d2010 d20l1 d20i2 d2110 d211 d2112 d2210 d22i1 d22i(2 d2310 d23i1 d23i2
c2m0_L 8811 —10.03 00265 —49.12 10.90 —0.5373 10.17 —2.244  0.1103 —0.7167  0.1547 —0.007510
c2ml_L —688.2 1355 —6.444 4158 —83.28  4.019 —88.61  17.84 —0.8650  6.285 —1.262  0.06110
c2m2_L 1032. —202.5  9.791 —674.3 1344 —6.580 152.2 —30.48 1.496 —11.21 2.243  —0.1098
c2m3_L —511.1 96.06 —4.551 352.7 —67.97  3.276 —82.33  16.06 —0.7789  6.178 —1.212  0.05883
c2m0_NL 1247. —237.2 12.57 —649.2 126.0 —6.796 109.8 —21.75 1.199 —-6.061 1.226 —0.06922
c2m1_NL —9325. 1806. —89.12  4747. —928.4 46.37 —779.6 154.1 —7.806 41.49 —8.294 0.4270
c2m2_NL  1.595e+04 —3051. 147.8 —T7998. 1538. —75.21 1285. —248.5 12.28 —66.37 12.91 —0.6460
c2m3_NL —8268. 1566. —T74.97 4099. —778.6 37.54 —648.1 123.3 —5.992 32.75 —6.234 0.3057
a3 - quadratic law
b30 b31 b32 b33
d3010 d30l1 d30i2 d3110 d31li1 d31i2 d3210 d32i1 d32i2 d3310 d33i1 d33i2
c3m0_L —139.2 26.62 -—1250 77.80 —15.04 07118 —14.43 2818 —0.1343 0.8846 —0.1742 0.008362
c3ml_L 8255 —159.8  7.534 —476.3 93.27 —4.439 91.39 —18.10  0.8690 —5.795 1.160  —0.05615
c3m2_L —1339. 261.1 —12.39 7931 —156.5  7.499 —156.0  31.15 —1505  10.12 —2.042  0.09950
c3m3_L 693.2 —134.1  6.334 —418.1 81.99 -3.912 8357 —16.60  0.7991 —5.492 1.104  —0.05361
c3m0_NL —1003. 190.1 —9.209 546.8 —104.4 5.076 —98.27 18.88 —0.9212 5.820 —1.124 0.05502
c3m1_NL 6296. —1191. 56.17 —3357. 636.8 —30.09 586.9 —111.6 5.278 —33.72 6.420 —0.3039
c3m2_NL —1.065e+04  1995. —93.00 5615. —1052. 49.05 —967.2 181.2 —8.435 54.64 —10.22 0.4749
c3m3_NL 5512. —1026. 47.43 —2884. 535.9 —24.75 4919 —-91.20 4.198 —27.48 5.078 —0.2327

3

bnrn = chrnl(th)’/l

=0

(10)

2
_ k
and ¢, = dnmlkth7
k=0

with F' = Fra, t = Tegr 103 and t, =1 1073,

In Table 3 we give a sample of the adjusted polyno-
mial coeflicients obtained from the data in Table 2 and
in Fig. 7 we show the adjusted polynomial surface for one
chosen model. In the case of a non-linear law, we give in
Table 3 the linear adjusted polynomial coefficients
(cnm0_L, cnml_L, cnm2_L, cnm3_L) followed by the non-
linear ones (cnmONL, cnm1 NL, cnm2_NL, cnm3_NL).
A complete version of Table 3 with the adjusted

(11)

polynomial coefficients for the 9 chosen photometric fil-
ters (see Sect. 2.1) can be accessed in electronic form at
the CDS.

2.8. A control

It is important to compare limb-darkening coefficients cal-
culated from different atmosphere models and computa-
tional methods. Claret & Giménez (1990) have also used
the UMA code in their calculations, and our results can
be easily compared. In Table 4 we show the coefficients
for the linear and quadratic laws for non-illuminated at-
mospheres, obtained by Claret & Giménez (1990), Van
Hamme (1993, only for the linear law, because VH did not
include the quadratic law in his study) and by us, using
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Fig. 7. Polynomial fittings to the quadratic law coefficients.
Stromgren u filter, v = 0.97, Ty, = 7000 K. The z axis cor-
responds to Fiel and the y to Teg. The theoretical grid was
calculated using the coefficients in Table 3

both VH and CG methods. As can be noticed, our values
are very similar when using the same method but show
a little expected difference with those determined by the
VH method. Actually, Diaz-Cordovés & Giménez (1992)
had already found that differences between tabulations
by different works are normally due to the computational
method rather than to the adopted model atmospheres
themselves. This makes us confident that our calculations
are correct for the non-illuminated case and that our re-
sults probably would be similar if we used another atmo-
sphere model, instead of UMA. Note that the calculations
with VH’s method yield values somewhat systematically
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smaller for the linear law and that the limb-darkening co-
efficients given in VH (using ATLAS) are the smallest in
each passband.

This control in the case of illuminated atmospheres is
more problematic. To the best of our knowledge only CG
worked on the effect of external irradiation on the limb-
darkening coeflicients using numerical atmosphere models
(UMA in that case), but their results are only presented
in a qualitative way, making impossible a numerical com-
parison. We do not know of any other work on the effect
of external illumination on the limb-darkening coefficients
with models other than UMA.

However, if the theoretical approximations used are
similar to those used in this work we expect that the re-
sults will be similar to ours, irrespective of the atmosphere
model used in the study. And we are confident that the
results derived here are better, even used as a first order
approximation, than the use of constant limb-darkening
coefficients overall in the analysis of eclipsing binary LC.

3. Discussion

Until now the light curve synthesis programs have mostly
used non illuminated limb-darkening tables to evaluate the
center to limb brightness variation. In fact, the LC models
use non-illuminated atmosphere results even to calculate
the so-called “reflection effect”, what is not strictly cor-
rect since the spectrum of an illuminated atmosphere is
different from that of a standard one (Vaz & Nordlund
1992). The effect of the external irradiation on the coeffi-
cients themselves is ignored even when it is recognized that
the limb-darkening coefficients should vary due to varia-
tions of the local effective temperature and surface gravity
across the surface of a tidally distorted binary star, as in
Van Hamme & Wilson (1994), who calculated position-
dependent limb-darkening on computed light curves.

However, it is clear from Fig. 7 that the limb-darkening
coeflicients vary not only with the atmosphere’s effective
temperature, but show a strong dependence on the charac-
teristics of the external illumination (the incidence angle,
the amount of infalling flux, the spectrum of the infalling
energy or, in other words, the temperature of the illumi-
nating star), also. This dependence is well represented by
the approximating Egs. (8) to (11) for each of the 9 dif-
ferent limb-darkening laws reviewed in the present work.
Even though the effect of the limb-darkening coefficients
on the light curve analysis is small, it is large enough
to allow attempts of empiric determination of the coef-
ficients from precise observed light curves (as for DM Vir,
Andersen et al. 1984), while the adoption of incorrect co-
efficients may affect systematically the determination of
the orbital inclination, having also influence on the deter-
mination of other parameters (Popper 1984).

As the orbital configuration is fully known during the
analysis of an eclipsing binary LC, Egs. (8) to (11) can
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be used to calculate the limb-darkening coefficients which
are position-dependent on the surface of the components,
taking into account not only the variation of Teg and
log g, but also the effect of the external irradiation. The
parametrization attained is very convenient for this pur-
pose, which can be implemented in the existing computer
models for eclipsing binary light curve synthesis. This ex-
tra calculation will represent a relatively easy task for the
modern CPU’s and certainly will improve the quality and
reliability of the determination of the other parameters
as, for instance, the orbital inclination. In fact, the treat-
ment of both the limb-darkening and the gravity bright-
ening, with respect to the effect of the mutual illumina-
tion, should be done consistently, and this is our goal.
In Alencar et al. (1998) we present the continuation of
the work on the gravity brightening exponent (Alencar
& Vaz 1997) extended to illuminated atmospheres.
The implementation of these results in the WD model
(Wilson & Devinney 1921; Wilson 1979; Vaz et al. 1995) is
in progress and its application to real systems will be pub-
lished elsewhere. While this is not the complete integra-
tion of atmosphere model calculation with the light curve
synthesis programs, yet, a desirable feature of the next
generation of the LC programs, this is a significant step
towards the improvement of these models with respect to
the proximity effects on the theoretical light curves.

4. Conclusions

We determined monochromatic, bolometric and passband
specific limb-darkening coeflicients for illuminated atmo-
spheres. Our results show that illuminated coefficients are
significantly different from the non-illuminated ones and
that illuminated atmospheres may present limb bright-
ening instead of darkening, depending on the set of pa-
rameters chosen. We tested two different methods (Claret
& Giménez 1990 and Van Hamme 1993) to calculate the
coefficients and showed that in the illuminated case the
method proposed by Van Hamme is recommended in or-
der to obtain coefficients that preserve the total emergent
flux from the atmosphere. For the passband specific coef-
ficients we also present our results in a polynomial form,
which is convenient for implementation of the use of these
“illuminated” coefficients in the analysis of eclipsing bi-
nary light curves.
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Appendix: Acronyms

Following a suggestion of the referee, we present here the
definition of the many acronyms used in this paper.
Tegr: effective temperature of the atmosphere to be
illuminated

563

Ti: heating star’s effective temperature

~: line of sight angle (see Fig. 1)

[ COS 7y

6: incidence angle (see Fig. 1)

v: cosf

A: wavelength

I\(p): beam intensity at the wavelength A, direction p

Ry (u): limb-darkening law

x: linear limb-darkening coefficient

ya: non-linear limb-darkening coefficient

rn: the apparent radius of the illuminating star
(see Fig.1)

g: local surface gravity acceleration

a: the mixing length parameter

(: the gravity brightening exponent

@: the quality factor of the limb-darkening law
adjustment

F(\): the monochromatic flux

Flel,: bolometric incident flux relative to the one emitted
by the illuminated star at the illuminated point of its
surface

F’: total emergent flux obtained by integrating the in-
tensities calculated from the adjusted limb-darkening
coefficients

F,: total flux obtained from the model intensities.
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