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Abstract. We present a method for the discrimination
of point-like objects in astronomical images using surface
curvature. The principal curvatures k1 and k2 are calcu-
lated using a local quadric approximation to the log of
the intensity of the original image. The analysis of the
(k1, k2) diagram allows to easily separate various shapes
and to establish a criterion for discrimination. A mask is
then generated and the invalid pixels are replaced by a lo-
cal, pyramidal interpolation using a non-linear, multireso-
lution method. We present two applications, the discrim-
ination and removal of stars from the dust tail of comet
P/Halley observed while it was crossing the Milky Way,
and the removal of cosmic ray impacts from images of the
solar corona obtained with a space-coronagraph.
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1. Introduction

The accurate detection and subsequent removal of point-
like objects in astronomical images is a frequent problem.
Let us mention, for example, the case of stars pervading
an extended object or cosmic ray impacts on CCD images.
The problem is often complicated by various distortions
affecting the point-like objects, e.g. saturations, variable
Point Spread Function in the field-of-view, irregular im-
ages, which preclude the use of fitting methods. Indeed
the classical method of correlation with or without filter-
ing (implemented for instance in the “inventory” package
of MIDAS) does not work well on saturated or irregular
images. We propose a new approach to the problem based
on the properties of surface curvature which is related to
peaks, pits and flats in images and therefore contain the
key information to discriminate point-like objects.

The intensity values of an image can be viewed as
a two-dimensional surface in a three-dimensional space
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with the two spatial coordinates forming two of the three
dimensions and the intensity axis forming the third di-
mension. The properties of two-dimensional surfaces em-
bedded in a three-dimensional space are classically stud-
ied in differential geometry (Do Carmo 1976; Doneddu
1978; Faux & Pratt 1987). Surface curvature describes how
much this surface is bending in a given direction at a par-
ticular point; it involves the first and second partial deriva-
tives with respect to the spatial coordinates and thus in-
volves the spatial neighborhood of the point. Surface cur-
vature as an intrinsic tool to analyze images is an old
topic in the field of image processing. It has been intro-
duced to detect and characterize peaks, pits, flats (Paton
1974; Peuker & Douglas 1975; Toriwaki & Fukumura 1978;
Halarick et al. 1983; Laffey et al. 1985; Nackman 1984),
edges (Halarick 1984), and corners (Denger & Billie 1984).
Texture analysis and computer vision use it extensively.
Curiously, astronomical data processing has ignored this
method (as far as we know). It is due, perhaps, to odd
side effects induced into the classification process by the
frequent very large photometric range of astronomical im-
ages. We shall show how to alleviate this difficulty by tak-
ing the logarithm of the intensity.

In the sections below, we first recall the definition of
the minimum and maximum local curvatures k1 and k2

in a continuous image and then we present the algorithm
to calculate these curvatures in a digital image. We then
extensively discuss the (k1, k2) diagram in terms of the
morphology of objects. Next we explain how to define the
neighborhood of point-like objects to be removed and how
to restore the background. The method is illustrated on:

i) a wide-field CCD image of the tail of comet P/Halley
taken in 1986 when the comet was in the southern
Milky Way,

ii) a coronographic image of the solar corona obtained
with the SOHO/LASCO space experiment.
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2. Method

2.1. The logarithmic transformation

Practical experiments with the surface curvature of astro-
nomical images have soon revealed to us the superiority of
dealing with the logarithm of the intensity, log(B), rather
than with the intensity itself. The justifications of this
transformation are easily understood:

i) The range of curvatures will be narrower on the log(B)
images than on the intensity images insuring a better
detection of faint objects;

ii) Point-like objects such as stars may be viewed, at
least in a first approximation, as having a Gaussian
shape. The logarithmic transformation will generate
similar paraboloids (i.e. having the same parameters)
for which the maximum of curvature takes place at
their tops. Practically, the logarithmic transformation
of the star images will exhibit a coarse paraboloidal
shape which will be easily localized from the maximum
of curvature.

2.2. Surface curvature

Let x and y be the two spatial coordinates and z = log(B),
the log transform of the intensity value. We now closely
follow the formalism introduced by Peet & Sahota (1985)
and specify any point on the surface by its position vector:

R(x, y) = xi+ yj + z(x, y)k.

The first fundamental form of the surface is the expres-
sion for the element of arc length of curves on the surface
which pass through the point under consideration.
It is given by:

I = ds2 = dR .dR = Edx2 + 2Fdxdy +Gdy2

where
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.

The second fundamental form arises from the curva-
ture of these curves at the point of interest and in the
given direction:

II = edx2 + 2fdxdy + gdy2,

where

e =
∂2z

∂x2
∆ f =

∂2z
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∂2z
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and

∆ = (EG− F 2)−1/2.

Casting the above expression into matrix form with:

V =

(
dx
dy

)
A =

(
E F
F G

)
B =

(
e f
f g

)

the two fundamental forms become:

I = V tAV II = V tBV.

Then the curvature of the surface in the direction de-
fined by V is given by:

k =
V tBV

V tAV
.

Extreme values of k are given by the solution to the
eigenvalue problem:

(B − kA)V = 0

which gives k1 and k2, the minimum and maximum cur-
vatures, respectively. k1 and k2 are invariant under rigid
motions of the surface. Two other curvatures are often de-
fined, the Gaussian or total curvature K = k1k2 and the
mean curvature M = (k1 + k2)/2 but it turns out that
the principal curvatures k1 and k2 are best suited to the
detailed characterization required by our problem.
As curvature is a geometric property of surfaces, we
must introduce a continuous representation of the dis-
crete 2-dimensional array of data in order to calculate lo-
cal derivatives and then, local curvatures. We retain the
so-called facet model (Halarick 1984) which considers a
square window of L × L data points (L is an odd inte-
ger) centered on the pixel of interest and calculates the 2-
dimensional polynomial fit of degreeN (N ≥ 2), satisfying
the criterion of least square errors (other functional rep-
resentations may be chosen, see Laffey et al. 1985). This
polynomial represents the local continuous surface with
continuous derivatives up to order N . The window size
L can, for instance, be adapted to the spatial extent of
the Point Spread Function (PSF). It is very often the case
in astronomical images that the PSFs are undersampled;
then the lowest size corresponding to L = 3 is retained so
as to minimize the error introduced by the facet model.
This, in turn, maximizes the chance of detecting point-like
objects but may result in a large number of false alarms
due to local noise (e.g. noise spikes). When the ultimate
goal is to restore the background, a trade-off should be
reached which insures a minimal percentage of valid pix-
els as discussed in Sect. 4. When the PSFs are oversam-
pled, then a larger size is recommended to limit the false
alarms. For the simple facet model of second order, i.e. a
3 × 3 window implemented in our examples, the surface
z(x, y) = logB is approximated by a quadric

z(x, y) = a00 + a10x+ a01y + a20x
2 + a02y

2 + a11xy

and the practical calculation of k1 and k2 is extremely
simple.

It is quite convenient to discuss the surface curvature in
the (k1, k2) space as illustrated in Fig. 1. With the above
convention k2 ≥ k1 and only the corresponding half plane
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is therefore allowed. Also, according to the above defini-
tions, if a curve on the surface is concave up, the surface
curvature in that direction is positive and vice-versa. The
allowed half-plane of Fig. 1 is divided in three regions by
the k1 and k2 axis. The two axis themselves correspond to
parabolic points, ridges on the k1 axis (k1 < k2 = 0) and
valleys on the k2 axis (k2 > 0 = k1). The second quadrant
k2 > 0 > k1 is the region of the saddle points. The elliptic
points are located in the remaining two half-quadrants,
distinguished by their concavity : pits for k2 > k1 > 0 and
peaks for k1 < k2 < 0. Obviously, a flat is at the origin
k1 = k2 = 0.

Fig. 1. Surface curvature visualized in the plan of the two
principal curvatures k1 and k2

3. Discrimination of point-like objects on the
(k, k) diagram

Let us now consider how the above theoretical consid-
erations apply to real astronomical images. Figure 2 is
a sketch of the (k1, k2) diagram based on a CCD im-
age which exhibits an extended source, the tail of comet
P/Halley, a rich star field and various defects and arte-
facts. The procedure applied to this image will be de-
tailed in Sect. 5 as a practical example. The features of
this (k1, k2) diagram are sufficiently general to localize the
various domains of interest and to establish the appropri-
ate criteria for the discrimination.

The main feature of the diagram is a “butterfly” pat-
tern composed of two wings A and B and a central core
C. Both wings pertain to stars, wing A to their top and

Fig. 2. A practical k1, k2 diagram for an astronomical image.
The regions of interest are related to specific parts or curva-
tures of real objects

wing B to their bottom parts. These later parts are fairly
asymmetric saddle points leaning to valleys and explain-
ing the closeness of the wing B to the k2 axis. In fact, the
orientation of the wing, as given for instance by the slope
k2/k1 of their symmetry axis, is a very good estimate of
the anisotropy of the surface curvature. For instance, elon-
gated (e.g. trailed) star images will induce a rotation of
wing A. The central core C obviously corresponds to the
flat parts of the image, essentially the extended object and
the background. Finally, two additional features are con-
spicuous in the diagram, the blobs E and F respectively
localized on the k1 and k2 axis. They correspond to elon-
gated structures in the original image which involve both
ridges (top parts) and valleys (bottom parts). These struc-
tures are typically bad columns in the CCD and saturated
star images which spill off along the column direction.

It is now a very simple matter to establish criteria for
discriminating objects in the original image. These criteria
are written in terms on conditions on k1 and k2 or on
a combination of the two. A mask or several masks are
generated and then applied to the original image. Two
simple cases may be given as practical examples. Let εi
denote some small positive values of the curvatures. Two
criteria may be used to detect the top of the stars

i) k1 < −ε1
ii) (k2

1 + k2
2)1/2 > ε2.

Conversely the possible criteria for discriminating the
extended source and background are



590 A. Llebaria et al.: Discrimination of point-like objects in astronomical images

i) | k1 |< ε3 and | k2 |< ε3
ii) (k2

1 + k2
2)1/2 < ε4

respectively delimiting a square and a circular region in
the (k1, k2) diagram. Our experience is that the two crite-
ria lead to nearly the same result. For practical matters,
the modulus of the curvature k = (k2

1 + k2
2)1/2 has the

advantage of combining the principal curvatures so that
a single parameter has to be dealt with. Inspection of the
histogram of the k values generally allows a straightfor-
ward determination of the border between point-like ob-
jects and extended objects.

4. Restoration of the background

Many applications of detecting point-like objects in astro-
nomical images require, in a subsequent phase, to restore
the background. Here we mean the “flat” parts which will
usually consist in an extended object and a true sky back-
ground. Applying the criteria discussed in the above sec-
tion allows to generate a mask or several masks which are
combined into a single, final one. The ideal case of point-
like objects with Gaussian shapes would lead to a mask
composed of perfect circular areas at the location of each
“star”. Defects or saturations in the real images introduce
distortions of those areas. They may even present a hole
if the image is severely saturated and will appear as rings
which may further be partly open. These problems can
be alleviated by a simple morphological operation which
consists in a slight geometrical extension, a “dilatation”,
of the above areas. Usually, an extension by one or two
pixels is adequate and allows to generate the final mask.
It is therefore a binary image where the valid pixels of
the background are set to 1 and the invalid pixels of the
point-like objects to be removed are set to 0. The purpose
of the next and final phase is to replace patches of invalid
pixels in the original intensity image by a local interpola-
tion, so-called pyramidal interpolation, using a non-linear
multiresolution method which reminds of the general lines
of the Haar wavelet analysis and synthesis.

This method is preferred to a global surface fitting pro-
cedure because it preserves the original intensity values
of the background where it is valid, allowing both better
local and global adjustments due to the multiresolution
process. Incidentally, a strictly local interpolation is inap-
plicable because the remaining valid points may appear as
a set of unconnected domains.

The procedure starts by shrinking the original N ×M
pixels image to aN/2×M/2 image. Each pixel in the latter
corresponds to an area of 2× 2 pixels in the former. Their
value is a mean of valid pixels in the 2× 2 related area. If
3 or 4 pixels in this area are invalid, the mean is classified
as invalid. After this first phase, we obtain an image of
means and a corresponding binary image or mask of valid
or invalid means. Repeating this procedure builds another
couple of images (means and mask) of lower resolution.
The image of means is called the analysis image.

The procedure is repeated l times until either the ex-
tinction of patches of invalid pixels is obtained, orNl+1 or
Ml+1 are too small (that is equal to or less than 4 pixels
by side). If some final pixels are invalid, they are replaced
by values estimated with a global adjustment of a quadric
surface over the remaining valid pixels. After this, all pix-
els are valid at the lowest resolution level and the synthesis
process can start.

The synthesis is done step by step as follows:

1. expand the synthesis image built in the previous l− 1
step by 2× 2,

2. substitute invalid pixels in the analysis image at this
step l with the corresponding pixels from the above
expanded image,

3. take this image (with substituted pixels) as the new
synthesis image at this step l.

The procedure stops when the initial resolution is re-
covered. The method restores, in each patch of invalid pix-
els, the low resolution estimate from neighbouring valid
pixels.

This procedure needs a minimal percentage of valid
pixels (∼ 50%) to obtain meaningful results. When the
number of valid pixels is very low, the threshold to obtain
a significant mean from a 2 × 2 area in an analysis step
can be reduced to one valid pixel.

Turning to practical considerations, the iterative na-
ture of this algorithm allows an easy implementation, in
spite of its complex appearance. Due to the pyramidal
nature, it uses less dynamic memory (i.e. for an initial
M ×N pixels image, we need a temporary storage equal
to 2(M×N+(M×N)/4+(M×N)/16+ ...), and its com-
plexity is O(M×N) operations, far better than spline 2-D
interpolation methods. And last but not least, it is very
stable even with ill-conditionned data (for instance, very
irregular spatial distributions of valid data).

5. Two practical applications

We now illustrate the practical use of the method on two
specific, very different examples.

5.1. The case of Comet P/Halley

Figure 3 displays a wide-field (9◦× 5◦) CCD image
of comet P/Halley obtained on 17 April 1986 at the
European Southern Observatory in Chile (Lamy et al.
1987). The camera consisted of a cooled, large-format
CCD (630 × 1024) pixels behing a Canon f/2.8, 100 mm
lens. This particular image was obtained with a B filter
and with an exposure time of 15 minutes. In April 1986,
the comet was crossing the southern Milky Way resulting
in a very rich star-field surperimposed onto the comet. The
fast f -number led to a non-negligible distortion of the star
images which are further slightly trailed due to an imper-
fection of the guiding. Several star images are saturated,
the most severe ones presenting the characteristic linear
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Fig. 3. The logarithm of the intensity image of comet P/Halley after specific corrections described in the text

Fig. 4. The bidimentional histogram of the principal curvatures (k1, k2 diagram)
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extension along a column. The quantitative analysis of the
dust tail to retrieve for instance the physical properties of
the dust and its production rate, requires the removal of all
star images to perform its accurate photometry. Following
the classical processing of CCD images (bias removal, flat-
fielding ...) and specific corrections for vignetting and at-
mospheric transmission, we started applying our method
by taking the log of the intensity.

Figure 4 shows the (k1, k2) diagram of principal curva-
tures. The characteristic features discussed in Sect. 3 are
present: the butterfly pattern and the two blobs on the k1

and k2 axis. Note the conspicuous angular offset of the A
wing from the bissector (k1 = k2), to be compared to the
closeness of the B wing to the k2 axis, offset produced by
the trailed star images.

Figure 5 represents the histogram of the modulus of
the curvature k = (k2

1 + k2
2)1/2.

Fig. 5. The histogram of the modulus of the curvature and
the selected threshold value k = 0.09

Figure 6a displays the first mask generated with a dis-
crimination level of k > 0.09. The few, heavily saturated
stars produced flat tops which were not properly detected.
A second mask was generated by applying a threshold to
the intensity to cope with this problem.

Figure 6b display the final mask resulting from previ-
ous masks (OR operation) and the morphological opera-
tion described in Sect. 4. The percentage of invalid pixels
amounts to 32% which ensured a good restitution of the
background.

Figure 7a shows the intensity of the final, “restored”
image of comet P/Halley with an intensity range similar
to that of the original image (Fig. 3).

Figure 7b is similar to Fig. 8 except for a streched in-
tensity range to visualize the full extent of the dust tail.
The effenciency of the method is excellent: only traces of
the few most intense (saturated) stars are persisting al-
though at very faint levels.

This method was successfully applied to a set of 32
wide-field images of comet P/Halley.

5.2. The case of the coronographic image

Figure 8 displays a CCD image of the solar corona ob-
tained on 4 May 1996 with the LASCO/C3 externally-
occulted coronagraph aboard the SOHO spacecraft lo-
cated at the Sun-Earth L1 Lagrangian point. This instru-
ment has an effective focal length of 77.6 mm and an ef-
fective f -number of 9.3. The 512× 512 pixels image has
been extracted from an original 1024 × 1024 pixels im-
age centered on the Sun and obtained with a blue filter
(450−520 nm bandpass) with an exposure time of 10 min-
utes.

The 8◦× 8◦field-of-view includes the outer K and F
coronae (the Sun and inner corona are blocked by the
occulter), comet Hyakutake, a few stars and numerous
impacts of cosmic rays.

The application of our method was quite straightfor-
ward in this case. The mask was only modified to re-
tain the comet (whose head is slightly saturated) and the
bright fringe surrounding the occulter.

Figure 9 displays the final result after correction, and
Fig. 10, the difference with the original image. All arti-
facts and star images have been removed, including very
faint ones which were hardly noticeable on the original
image. This method has been implemented in the rou-
tine processing of the ∼ 100 images produced daily by the
LASCO experiment.

6. Conclusion

We have presented a new method for the discrimination of
point-like objects using surface curvature. The character-
ization by the curvature offers a very general and flexible
mean which can be adapted to any specific problem with-
out any necessary a priori knowledge of the shape of the
point-like objects. A few trials is basically what is needed
to determine the threshold for discrimination. Two ap-
plications have illustrated this method. In the first one,
stars were removed from an extended object, the dust tail
of comet P/Halley. In the second one, cosmic ray impacts
were removed from single CCD images of the solar corona.
In both cases, the point-like objects are efficiently detected
and corrected using a pyramidal interpolation.
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