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Abstract. The three-dimensional (3D) reconstruction of
magnetic configurations above the photosphere is consid-
ered within the framework of the nonlinear force-free-field
(FFF) model. The physical- computational algorithm pro-
posed and tested incorporates, for the first time, the fol-
lowing basic features: 1) Both photospheric vector field,
B(z,y,0) and chromospheric line of sight field component,
B,(z,y,2) data are utilized; this reduces significantly the
degree of ill-posedness characterizing the Cauchy problem
corresponding to the case when only B(z,y,0) - values
are used as boundary conditions. 2) A high-order, very
efficient computational algorithm is developed and used:
horizontal derivatives are evaluated by 14 - terms formu-
" las in 14 different forms, selected such as to provide op-
timal computational accuracy; the vertical integration is
achieved by the use of “moving” 10 - term formulas ex-
pressed in terms of 10 derivatives and the first B;(z,y, 2)
values (i = z,y,2). 3) At neutral points, where inher-
ent computational singularities in the values of the FFF-
function « arise, rather than using smoothing techniques
based on four-neighbouring- values averages, suitable pro-
cedures ensuring continuity are developed and used. The
overall result of the incorporation of these novel features
is an improvement by orders of magnitude of the accu-
racy with which the chromospheric fields are reconstructed
in the case in which one uses (i) only B(z,y,0) - values
as boundary conditions and (ii) relative simple compu-
tational formulas and smoothing techniques; at 2 = 20,
AB;/B; < 1073 ! The elimination/minimization of mea-
surement errors as well as the fitting of the corrected date
to FFF-model-states is also discussed.
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1. Introduction

The solar chromospheric and coronal magnetic fields play
a major role in the physics of the solar atmosphere. So
far, these magnetic fields were determined by the extrap-
olation of observed photospheric magnetic fields upon as-
suming either (1) a potential, current-free model and us-
ing (only) the line of sight component or (ii) a force-free
field (FFF) model (J = aB, a = a(r)), and using all
three components of the photospheric field. Various ana-
lytical or/and numerical methods for the determination
of the magnetic field in half the space above the pho-
tosphere have been suggested or/and implemented. (See,
e.g., the reviews by Sakurai 1989 and Gary 1990; also, the
papers by Schmidt 1964; Semel 1967, 1988; Sturrock &
Woodburg 1967; Molodensky 1969; Nakagawa & Raadu
1972; Nakagawa 1974; Levine 1975, 1976; Chiu & Hilton
1977; Seehafer 1978; Sakurai 1981, 1982; Alissandrakis
1981; Low 1982, 1985; Aly 1984, 1987, 1989, 1992; Schial
et al. 1982; Wu et al. 1985; Wu et al. 1990; Gary et al.
1987; Cuperman et al. 1989a, 1989b, 1990, 1991a, 1991b,
1993; Low & Lou 1991; Amari & Demoulin 1992; Faubert-
Sholl et al. 1992; Bruma & Cuperman 1993).

Obviously, in both the potential and FFF cases, cal-
culated chromospheric and coronal magnetic field config-
urations suffer from the rather limited information used
for their computation: only at the bottom of the three-
dimensional integration domain are boundary conditions
(i.e., photospheric observations) used.

Referring to the more general FFF-case (also consid-
ered in this paper), the pertaining progressive vertical ex-
trapolation method used in the past can be summarized as
follows: (a) Starting from the vector magnetograph data at
the photosphere (say, z = 0), use the z-component of the
FFF-equation V x B = aB in order to calculate the func-
tion a(r); (b) next, by the aid of the z- and y-components
of the FFF equation, as well as of the divergence equation
V - B = 0 and the a — function obtained at step (a),
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calculate the derivatives 0B;/9, (i = z,y,2); (c) finally,
utilizing a Taylor series expansion with the first two (or
three)terms retained, obtain the values B;(z,y, 2) at a ver-
tical (height) position z = dz, etc. Various aspects related
to the ill-posed character (in the sense of Hadamard 1923)
of the progressive vertical method for the extrapolation of
the photospheric magnetic field have been addressed by
several authors and will not be repeated here (see, e.g.,
Morse & Feshbach 1955; Tikhonov 1963; Antokhim 1968;
Bakushinsky 1968; Kryanev 1973; Tikhonov & Arsenin
1977; Low 1982, 1985; Cuperman et al. 1990). Based on
the fact that many ill-posed problems do occur in science
and technology these authors recommend the development
and use of suitable “regularization” methods leading to
satisfactory solutions.

Recently, it has been pointed out (Zhang 1993, 1994)
that physical situations may exist in which, besides
measurements of three-component photospheric magnetic
fields, data on longitudinal (line of sight) chromospheric
magnetic fields are also available; and that these two
types of information can be combined in order to de-
termine the full three-component chromospheric mag-
netic field. Thus, when NLTE effects are relatively small
(e.g., in the case of quiet and plage regions), longitudi-
nal chromospheric magnetograms at different wavelenghts
in the blue wing of HB line are indicative of the longitu-
dinal magnetic fields at different chromospheric altitudes.
For example, using a set of eight magnetograms in the
blue wind of the H3 \4861.34 A line at wavelengths
A = Acore — [0.12 A+n(0.04 A)], n = 0, 1...7 (monochro-
matic images of Stoke’s parameter V of the Hf line),
and considering that the core of the Hf line forms at
about 1900 km in the solar atmosphere (Allen 1973) Zhang
(1993) estimated the formation height of the wavelength
A = Acore — 0.40 A to be about 1200 km. It is anticipated
that in the near future, many more (40 — 50) multi-level
longitudinal magnetic field measurements will be possible
(Ai 1994a, 1994b; Fang 1994).

In this work we develop - within the FFF framework
— a high order precision method for the reconstruction
of chromospheric magnetic configurations. The method is
based on the utilization of both types of existing mag-
netic field observations: (i) vector (three-component) pho-
tospheric measurements and (ii)longitudinal (along the
line of sight) chromospheric measurements. The goal is
to compute the full three-component magnetic field con-
figuration at all points above active photospheric regions.
A high order computational algorithm was developed and
utilized for this purpose. As it will be shown, this algo-
rithm enables one the reconstruction of the chromospheric
vector magnetic field with a maximum relative error of
< 1073

The paper is organized as follows: Sect. 2 presents the
general formulation of the problem, including a discussion
of the observations, the basic equations utilized and ana-
lytical solutions of FFF model equations used as a test
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case; Sect. 3 describes the general computational algo-
rithm developed and its implementation; Sect. 4 presents
the results of the calculation demonstrating the high per-
formances of the algorithm; Sect. 5 elaborates on the elim-
ination/minimization of measurements errors as well as on
the fitting of the corrected data to a FFF-state; A sum-
mary is given in Sect. 6.

2. General formulation and basic equations
2.1. Vector magnetograph observations

Modern vector magnetographs provide the following
magnetic field components!: (i) B,(z,y,0), B (z,y,0),
| Bz(z,y,0) | and | By(z,y,0) | (B} = BZ + BY) in a
horizontal plane, Dy, (z = 0) = L, L,, at the photosphere
(z = 0); and (ii) the longitudinal (line of sight) component
B, (z, y, z) at a (finite) number of horizontal planes Dy,
(2) situated at distances z ¥ nAz (n =1, 2...) above the
plane D,, (0) and parallel to it.

These observational data need some theoretical treat-
ment before they can be used for reconstruction purposes:
(a) the 180° ambiguity in the observed components B, (z,
y, 0) and By (z, y, 0) has to be removed by the aid of some
theoretical method (see, e.g., Cuperman et al. 1991b and
references therein); (b) high order interpolation schemes
(see, e.g., next section) have to be applied in order to ob-
tain B, (z, y, z) - values at a relatively large number of
intermediate horizontal planes parallel to D, (0) and sit-
uated at distances éz apart, where dz(< Az) represents
the vertical integration step.

2.2. Formulation of the problem

With the magnetograph observations corrected and im-
proved as indicated above, the problem can be formulated
as follows: given (i) the transverse field components B,
(z, y, 0) and By (z, y, 0), as well as the longitudinal
field component B, (z, y, 0) in a plane D,y (z = 0) at
the photosphere and (ii) the longitudinal field component
B, (z, y, z) at vertical distances §, apart, reconstruct the
three-dimensional chromospheric magnetic field in half the
space above the domain D, (2 = 0).

2.8. Basic equations - force free field (FFF) model
The steady state FFF equations are

V x B =aB 1)
and
V-B=0. (2)

Thus, Eq. (1) states that the electric current density
J = (4n)~! V x B is proportional to the magnetic field

See, e.g., Hagyard et al. (1982); Kawakami (1983); Hagyard
(1985); Mein & Rayrole (1985); Stenflo (1985); Ai (1994b).
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B : J = aB/4x. Upon taking the divergence of Eq. (1),
by (2), one obtains

B-Va=0, 3)

which indicates the constancy of a along individual field
lines. In order of ascending complexity, Egs. (1)-(3) may
describe the cases of current-free configurations (a = 0),
linear force-free field configurations (o« = constant) and
nonlinear force-free field configurations [@ = a(r)]. The
components of Eqs. (1) and (2) are:

aa}iw:aBy+a£j, 4)
%:—a3$+a£z, (5)
and

aaB; _ _aalj: _ aalzy. @)

Thus, if the field components at the photosphere, B,
(z, y; 2 =0), By (z, y; 2 = 0) and B, (z, y; 2 = 0)
are given (and, therefore « is determined) one can calcu-
late numerically the horizontal derivatives 8B;/0xz;, (i =
z,y,2z;x; = «,y) and then, by Eqgs. (4)-(7) one can ob-
tain the vertical derivatives 8B;/dz, and proceed to the
vertical integration to the height z = dz, and so on.

2.4. Study case

As a study case we consider a magnetic configuration
generated by electric currents satisfying the FFF condi-
tion (V x B = aB) everywhere except along the line
y = 0, 2 = —a (below the photosphere), where an infinite
straight line current (j;) is flowing (Low 1982; Cuperman
& Ditkowski 1990).

The solutions of Eqs. (1) and (2) for this case are

B, = —@ cos ¢(r), (8)

Boazxy

_ __Doary Boa(z +a) .
B, = P 3 sin g(r), (9)

COSs ¢(T) - m
and
Byaz(z + a)

- r[y? + (z + a)?]

Bgay

cos ¢(r)+m

sin ¢(r), (10)

F4

where
rP=2+y* +(z+a)’

(11)

The free generating function ¢(r) is related to the
quantity a(r) by the equation

a(r) = —de¢(r)/dr. (12)
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In this work we use the following generating function:

¢(r) = 0.2tanh(r/(4a)). (13)

Thus, in the continuation we use the values of the field
components B,, B, and B, (and consequently, a) at the
photospheric surface (z = 0) given by Eqgs. (8)-(13) as
boundary conditions and integrate the system of Egs. (4)-
(7) to determine the magnetic field components in the half
space z > 0. Comparison of the results with the values
given by Egs. (8)-(12) for z > 0 will indicate the reliabil-
ity of the numerical integration procedure proposed and
implemented here.

For convenience, we use the normalizations (i = z, y,

z):
B; = B;/(By), & = aa, T=1z/a, §=y/a, Z=z/a. (14)
The integration limits in the z, y-plane are:

“EmSjSI_/z ) —ijfﬂﬁiy, ’Ezl=!iy[:b, (15)

b being a free parameter.

3. Computational algorithm

The computational algorithm used in this work for the re-
construction of the three dimensional magnetic field above
the photosphere consists of the several steps.

3.1. a. Determination of the FFF-function a(r)

Using the observed photospheric field components B; (z,
y, 0) (i = z, y, 2), by the aid of Eq. (6), one calculates
the non-linear FFF function a(r). Now, inspection of Eq.
(6) reveals the existence of mathematical singularities at
points at which B, = 0. While it can be shown analyt-
ically that the actual indeterminacy can be removed by
' Hopital's techniques (see Cuperman et al. 1991b), for
numerical computational purposes, some suitable meth-
ods have to be used. Thus, in our algorithm, «(r) is cal-
culated at all points except in some finite width bands on
both sides of the curves B, = 0; the missing a —values are
then obtained by efficient interpolation techniques. Thus,
using 14-point derivative formulas (see Appendiz A), a(r)
is calculated with a maximum relative error of ~ 1078 !
(This maximum error occurs at the largest r-values consid-
ered in this work, r ~ 22, where |a| becomes very small).

3.2. b. Vertical extrapolation

We perform a progressive vertical (z) integration for the
extrapolation of the photospheric magnetic fields within
the FFF model, using as boundary conditions the field
values at the photosphere. (As mentioned above, these
values are simulated by the exact analytical solution of
the FFF model, Egs. (8)-(13)).
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First, from the (known) B, (z, y, z) - compo-
nents we compute the horizontal derivatives B, /0« and
0B, /8y using the high order derivative formulas given in
Appendix A; this is achieved with a relative accuracy of
about 10~8;

Second, by the aid of Eqs. (4) and (5) we obtain the
vertical derivatives 8B;/8z and 0B, /0z.

Third, using suitable 10-term extrapolation formulas
developed in Appendiz B, we obtain the sought for results
- the three-component magnetic field in the half space
z > 0. The somewhat less accurate results obtained at
very low vertical height (z < 106z) are corrected by a
suitable iterative process; the maximum relative error at

height % = z/a 2 20 is less than 103 !

4. Implementation of the computational
algorithm-results

Stmulation of measured photospheric field components.
From the general analytical solutions, Eqs. (8)-(13) one
can obtain the “photospheric” (i.e. at z = 0) field com-
ponents | B,(z,y,0) |, | By(z,y,0) |, Bi(z,y,0) and
B.(x,y,0). For illustration, these functions are repre-
sented in Fig. 1; the “observation” domain, D, (2 = 0)
has the dimensions | L, | = | L, | = 5 (see Eq. (15)).

Simulation of photospheric-field components, after re-
moval of the 180° ambiguity in the B, and B, components.
When suitable techniques are used to remove the 180° am-
biguity (see, e.g. Cuperman et al. 1993; Li et al. 1993), one
obtains the field components B,(z,y,0) and By(z,y,0)
shown in Figs. 2a and b. The corresponding contours of
constant values are shown in Figs. 2d and e. For complet-
ness, the field component — | B, (z, y, 0)| is also represented
in Figs. 2c and {. (In Figs. 2d,e,c solid (dashed) curves in-
dicate positive (negative) contour values; the heavy solid
curves represent the contour value B, = 0).

Computation of the FFF-function or). Using the re-
sults illustrated in Fig. 2, by the aid of Eq. (6), one obtains
the nonlinear FFF-function a(z,y) shown in Fig. 3a and
the a(F)-function shown in Fig. 3d (recall the definition

[F =@ +7+(E+ 1)2)1/2] ); the corresponding rela-
tive error (N-numerical, A-analytical)

- Aa QN — QA
Aa = — N

ol ~ 05(jan] + laaD) (16)

as a function of 7 is shown in Fig. 3e. As can be seen,
the computational accuracy is exceptional: Aa < 1078
For completness, we show in Figs. 3b and c the spatial
dependence of the functions 0B,/dy and 0B, /0x which
enter the expression for a.

Electrical currents. From the a(r) -values shown in
Fig. 3a and the field components B;, one can obtain the
(normalized) FFF electrical current density components
J; = aBi(i = z,y,2z). The computed quantities are
shown in Figs. 4a, b and c; the corresponding contours
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of constant values are shown in Figs. 4d, e and c. (Here,
Ji = Ji/ Bo).

Simulation of the longitudinal component B,(z,y, z).
From the analytic expression, Eq. (10) one obtains dis-
crete B,(z,y,z)- values in horizontal planes parallel to
the observational one, at vertical distances gAz apart
(g = 1,2,...); these “simulated” values are indicated by
circles in Fig. 5. Then, upon using a high-order interpo-
lation method, from these values one obtains the much
higher-density set of B,-values in horizontal planes at dis-
tances dz apart from each other, as shown by the con-
tinuous curves in Fig. 5; actually, 6z(< Az), represents
the vertical (z) integration step. The top (bottom) fig-
ure represents contours of constant B,-values in the plane
y=0(x=0).

Reconstruction of the magnetic field components,
B.(z,y,2) & By(z,y,z). Upon using Egs. (1)-(6) with
(i) “simulated” boundary conditions (at the photosphere)
represented by the functions B;(z,y,0) shown in Fig. 2,
(ii) the non-linear FFF function o shown in Fig. 4a, and
(iii) the “simulated” longitudinal component B,(z,y,?)
shown in Fig. 5, by Egs. (4)-(6) and the high order, correc-
tive vertical extrapolation method described in Appendix
B, one obtains the final result — the three-dimensional
chromospheric magnetic field. Thus, Fig. 6 illustrates the
computed functions B, (z,y, z) and By(z,y, #) at the ver-
tical distances z = 1,5, 10 and 20 respectively; (Z = 0 rep-
resents the photosphere). Figure 7 shows contours of equal
values of the functions represented in Fig. 6. For complet-
ness, the spatial structure of the “measured” B,(z,y, 2) -
component is also indicated. The “stretching factors” in-
dicated on the figures (1,1.2,1.4 and 1.6) are used for the
convenience of graphical representation.

Finally, in Fig. 8 we show contours of constant-value
magnetic field components B,(z,y,2) and By(z,y,z) in
the plane y = 0 (top) and z = 0 (bottom); and in Fig. 9
we show the reconstructed FFF electrical current density
components J;(i = x,y, z) at Z = 20 ( left: J;(z,y,z = 20);
right: corresponding contours of constant values). The av-
erage relative error < AB; > and maximum relative error
(AB;) 1y in the computation of By (z,y, z) and By(z,y, 2)
as a function of the normalized height 2 are shown in
Fig. 10, by solid (< AB; >) and dotted ((AB;),..)
curves. As can be seen, the computational relative ac-
curacy is very good: (AB;)_.) < 5 107%,(AB,)
<5104

max max)

5. Discussion

In sections I-IV we formulated the problem considered
in this work as follows: given the photospheric vector
field B(z,y,0) and chromospheric line of sight component
B,(z,y, z) satisfying FFF-conditions, reconstruct the vec-
tor field B(z,y,z) in the 3D space above the photosphere
in which B, - information is available. Thus, using (i) ana-
lytical FFF solutions for B(z,y,0) and B.(z,y, z) “data”



S. Cuperman et al.:

o
g o
[ 1€
o i
e o
2 2
[
0 @0
: o
o o
[}
7] @
2 2
% 2
o o
o <
o o
o W o
- [~
(c) 7 \ B |
2 'I" ““\\\ IR m g
2 / T o
2] “(&"“IM &\\\\“\ N T g
o
,,,\\\\\\\\\\‘\\‘ f'w‘ ‘%%‘%&%%*333&&&“ ’
/! W
/7 \‘ \\\ TR
’g;h /\\\\\\\\ |“ 0\ \\“ \t‘ ‘\x\}s}%%‘8‘3‘8&33&388§ W 2]
g Y ‘“ ‘“‘:\‘ \\\ 3\ ‘\\“\3}“88\ Q\ss}&sst‘“\\ b
- N IR sttt
; ‘ ,":‘\‘:“? X 8‘\3\3&\3‘38\\‘3\\3‘\3:‘\\«\ @
O 1 II // \\ O ‘\\“\\“\\“\\“‘\ SR \‘::\“: :‘EQ:E:« [
‘vl,[/ RN R \“‘ 5.0 l
25 9.
y

Three-dimensional chromospheric magnetic field configurations

385

1o 4
(b) I;Z\\\\\mi\\\\ IBy| y 00‘“\‘\\\ \
i \\\\\\\\ “ i
Shd
1IN \ ‘H\‘\\\\\‘
,,,”Z{'l:. ‘\\\\\\\ \\Q’v' WN N‘\‘ \‘
) ‘ \\\\\\\\\ \\§ 1[' ‘w 0 “\‘\‘\‘\ 3
o:u \& “\\W . “0 u:\ ‘:‘:““
AN “Q\‘iw’" “ 0““‘:‘ ‘:“
o\
j Y N '

(d)

.,"
XL uq

/,0

i

e I s a

S0 \:“ “:““ ”"lllll I’I"t .‘
““8““\“‘8\ i \\" i

\\ \t

‘\\ “‘

{II/,

Fig. 1. Simulated photospheric (z = 0) observations, |B;(z,y,0)| (a), |By(z,y,0)| (b), BL(z,y,0) (c) and B:(z,y,0) (d)

as obtained from the analytical expressions evaluated at z
B; = B;/(By), (i=1=,y,2,1),Z=z/a and § = y/a

and (ii) highly efficient computational procedures, the al-
gorithm developed here provides results within less then
10~3 relative error.

Now, in practice, observed —rather than analytical-
B(z,y,0) and B,(z,y, z) data have to be used. Such data
are subject to the following additive sources of uncertain-
ties: (a) projection effects, (b) 180° ambiguity in the az-
imuth, (c) Faraday rotation of the azimuth and (d) noise in
the basic data that is, in the circulary and linearly polar-
ized intensities. Therefore, before these data can be used
in the FFF - reconstruction algorithm developed in this
paper, the following corrective steps have to be taken:

1. Elimination / minimization of the errors related to
the uncertainty sources (a)-(d). (See, e.g. Hagyard 1985,
1988). Note that it is anticipated that space-flight magne-

0. For convenience, normalized quantities are used, namely

tograms will be characterized by polarimetric noise a fac-
tor of 10 — 100 smaller than ground based systems (that is
about the same as for the normal heliographic component)
(see, e.g. Venkatakrishnan & Gary 1989).

2. After the corrective procedures mentioned above are
carried out, a variational modification of the “correct”
data such as to fit a FFF- state is required. In this, global
constraints characterizing a FFF-state have to be satisfied
(see, e.g. Molodensky 1969; Aly 1984, 1989; Semel 1988).

In conclusion, we reiterate that the algorithm we de-
veloped is concerned with the basic reconstruction prob-
lem, within the framework of the FFF-model equations.
It assumes that the corrective procedures indicated above
have been carefully applied and that the measurement
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errors as well as the deviations of the data from a FFF-
state have been reduced to an insignificant level.

6. Summary

We have developed and implemented a computational algo-
rithm for the reconstruction of the vector - chromospheric
magnetic fields within the framework of the non-linear
FFF theoretical model. This algorithm represents the ex-
tension, modification and improvement of previously pro-
posed progressive vertical extrapolations (see, e.g. Wu et
al. 1985; Cuperman et al. 1990) in the following sense:

1. In the calculation of the non-linear FFF-function
a (by the aid of Eq. (6)), the derivatives dB,/dz and
0B, /0y are computed by the aid of 14-term formulas,
rather than by 2-3 term formulas as previously used.
Moreover, 14-versions of the 14-term formulas are used
at various points, in order to ensure about equal mini-
mum computational error. The maximum relative error
in the computation of these derivatives is smaller than

1010, As a consequence, « is computed with a maximum
relative error smaller than 10~8 (see Fig. 3).

2. The same 14-term formula (and its 14 versions)
is applied for the calculation of the derivatives 8B,/dz
and 0B, /0y which enter the expressions of B, /8z and
0B, /0z, Egs. (4) and (5), respectively. Consequently, the
same high computational precision is obtained also for this
purpose.

3. At points where B, = 0, to avoid inherent “math-
ematical” discontinuities, rather than calculating a(r) by
the ald of Eq. (6) in conjunction with some smoothing
techniques, a suitable, different approach is used. The
same holds at points where B, = 0 or B, = 0, includ-
ing the case in which B, = By = 0. Thus, at all points in
the range 1 < 7 ~ 22, the maximum relative error in the
computed function « is smaller than 1078 (See Fig. 3).

4. The progressive vertical (z) extrapolation is based
on a “moving” 10-term formula, including information
from ten consecutive grid points, ¢ = 0,1,2,...,9. Thus,
the extrapolated value B;(z,y,q) is expressed in terms of
its derivatives at grid points ¢ = 0,1,2,...,9 as well as the
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Fig. 8. Contours of constant magnetic field values B, (Z,, Z) and B,(Z, ¥, Z) in the plane y = 0 (top) and z = 0 (bottom)
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Fig. 9. Left: Reconstructed FFF electrical current densities J,(Z,, ), Jy(Z, 7, Z) and J,(Z, 7, Z) at several height values z, as

indicated; right: corresponding contours of constant current values
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value of the function itself at the point ¢ = 0; the various
derivatives are calculated according to Egs. (4) and (5),
with 0B, /0z, 0B, /0y and a obtained as indicated above.

5. A special correction is applied to the extrapolation
results obtained for the first few grid points above the
photosphere (especially at the first point, Z = §%) because
in these cases the information required by the “ten-term
formula” is not available.

6. As a result ot the computational algorithm summa-
rized above, an exceptional good extrapolation accuracy
is obtained: at Z = 20 (= 5004%), the maximum relative
error in the extrapolated vector magnetic field component
B, (By) is smaller than 107%(1073).
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Fig. 10. Average relative error < AB; > (solid curve) and
maximum relative error (dotted curve) in the reconstruction
of the magnetic field components B, (z, 7, z) and B,(Z, 7, 2) as
a function of the normalized height, z
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Appendices
A. Horizontal (x, y) derivatives

Following the computational algorithm developed by
Bruma & Cuperman {1996) for the calculation of horizon-
tal derivatives in problems of the type studied here, we
use a “flexible” fourteen-grid-point formulation designed
to achieve optimal accuracy.

1. Denote by 2 (4,0, i1, -, Ti 1, -.Ti,5) the coordinates
of a set of equidistant grid points along the z-axis and
by F(z;0), F(zi1), -, Fzi1) ;.. F(2s,s) the values of the
function F' at the corresponding grid points; here F stands
for either By(z,y,2), By(z,y,2) or B;(z,y,z). Also, use
the notation P1(z;;) = (0F/0z),, . Az, where Az rep-
resents the equidistant grid size.

2 The same holds for the y-direction.
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2. Concerning the meaning of subscripts used: (a) the
subscripts | = 0,1,2,...,s, (s = 14) define a “mov-
ing” set of fifteen grid-point numbers; (b) the subscripts
(i = 1, 2,....) indicate the order of the moving-set along
the z-axis, starting at i, (where ¢ = 1) and ending at
LTmax-

3. At a point z;; = zy, the optimal value of the deriva-
tive P1(zy) is obtained through a systematic investigation
leading to the minimization of the relative error involved.
This procedure leads to one of the following two possi-
bilities: (a) use of a symmetric fourteen-point formula,
with seven points on each side of the point zj or, (b)
use of a non-symmetric variable-number-of-terms-formula
(n < 14) at the left or at the right of zj.

For illustration, in the case
(wk = 0, 1, ceey 14)

has

(a), one

P1(7) = (15F(14) — 245F(13) + 1911F(12)
—9555F(11) + 35035F(10) — 105105F(9)
+315315F'(8) — 315315F(6) + 105105F(5)
—35035F(4) + 9555F(3) — 1911F(2)

+245F (1) — 15F(0))/360360. (17)

For the case (b)

P1(0) = (—25740F(14) + 388080F(13)
—2732730F (12) + 11924640F (11)
—36072036F(10) + 80160080.F(9)
—135270135F(8) + 176679360F(7)
—180360180F (6) + 144288144 F(5)
—90180090F (4) + 43723680F(3)
—16396380F (2) + 5045040F (1)

—1171733F(0))/360360. (18)

A complete description on the general algorithm, in-
cluding the criteria for the selection of the formulas for
the horizontal derivations is given in Bruma & Cuperman
(1996).

7. The vertical (z) integration

The analysis by Bruma & Cuperman (1996) clearly indi-
cates that the accuracy of the vertical (z) integration in
problems of the type considered here, can be significantly
improved upon formulating the problem in terms of the
value of the function to be integrated (F) at z = 0 and its
derivatives at (equidistant) grid points above z = 0. We
here present some final results obtained in the reference
indicated above.

Denote by (20,21, - %jk,---2j,n) the coordinates of
a set of equidistant grid points along the z-axis and by
F(z0), F(zj1), - F(zj5) e F(zj,) the values of the
function F' at the corresponding grid points. Let n 29
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and j < 500; then, about 500 grid points are involved.
The first “moving” set is labeled j = 0 and starts at the
photosphere, zp0 = 0. (Notice that here F represents ei-
ther By(z,y,2) or By(z,y, z)).

By the aid of the functions F(z;%) (¢ = 0,1,..,n)
it is possible to calculate their first order derivatives,
P1(z,x)3; then, in the resulting system of relationships,
we eliminate the functions F(z;1), ..... F(zjn-1), as well
as the derivative P1(z; ) to obtain a relation of the form

F(Zj,n) = f {F(Zj’()), P].(Zj,()), veray Pl(Zj,n_l)} .

Thus, at a grid point 2; , we have a ten-grid-point-formula
for the function F in terms of the F-value at z;¢ and its
derivatives at all other points. In particular, starting at
the photosphere where z; ¢ = 20,0 = 0, the above symbolic
formula reads

(19)

F(n) = f {F(0); P1(1), ..., P1(9)} . (20)

The explicit relation (20 ) is obtained by the aid of the
REDUCE-package and it reads

F(9) = (44800F(0) — 25713P1(0)
+44874P1(1) — 467694P1(2)
+992898P1(3) — 1645920 P1(4)
+1593918P1(5) — 1166994
P1(6) + 457974P1(7)

—186543P1(8))/44800. (21)

At this point the following remark is in order: at grid
points 2o r<n, some simpler integration formulas can be
used, namely:

F(1) = F(0) — P1(0) (22)
F(2) = F(0) — 2P1(1) (23)
F(3) = (4F(0) — 3P1(0) — 9P1(2))/4 (24)
F(4) = (3F(0) — 8P1(1) + 4P1(2) — 8P1(3))/3 (25)
F(5) = (144F(0) — 95P1(0) + 50P1(1)

—600P1(2) + 350P1(3) — 425P1(4))/144  (26)
F(6) = (10F(0) — 33P1(1) + 42P1(2)

—78P1(3) + 42P1(4) ~ 33P1(5))/10 (27)
F(7) = (8640F(0) — 5257P1(0) + 5880P1(1)

—59829P1(2) + 81536 P1(3)

- —102459P1(4) + 50568 P1(5)
—30919P1(6))/8640 (28)

% We use the notation dF/0z = P1/Az, where Az represents

the (equidistant) grid size.
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F(8) = (945F(0) — 3680P1(1) + 7632P1(2)
—17568P1(3) + 19672P1(4)
—17568P1(5) + 7632P1(6)
—3680P1(7))/945. (29)

As proposed and implemented by Bruma & Cuperman
(1996), utilization of an appropriate iterative procedure
leads to improvement of the zero-order results obtained
at very low levels (1 S n < 9).
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