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Abstract. — Electron excitation collision strengths for fine-structure transitions involving relativistic levels with
principal quantum number n = 1, 2, 3, 4 in hydrogen-like ions He ii and Fe xxvi are calculated using R-matrix tech-
niques. The model target ion includes all 25 energy levels with n ≤ 5. Low-energy collision strengths dominated by
autoionizing resonances are averaged over a Maxwellian velocity distribution to obtain effective collision strengths as
a function of electron temperature. In the case of He ii, such resonances enhance the collision strength by up to a
factor of 3 over earlier calculations for excitation of the n = 4 levels due to the presence of 5ln′l′ doubly-excited states
near the n = 4 thresholds. For He ii, the data are presented at four temperature points ranging from log T (K) = 3.2
to 4.3, and for Fe xxvi from log T (K) = 6.0 to 7.5.
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1. Introduction

Emission lines of He ii ions are observed in a wide range
of astrophysical objects. The current mission of the Solar
and Heliospheric Observatory (SOHO) will provide obser-
vations requiring reliable cross section data for interpreta-
tion. Iron is an important and abundant coronal element,
and its lines have been observed from almost all ionization
stages.

Considering He ii ions, a number of theoretical data
are available, especially for transitions 1s−2s and 1s−2p.
The most consistent of them are results of Burke & Tay-
lor (1969), Morgan (1980), and Bray et al. (1993). Ag-
garwal et al. (1991) performed 15-state R-matrix non-
relativistic calculation of electron impact excitation within
n = 1, 2, 3, 4, 5 levels in He ii ions. The method used is
similar to the one presented in this paper but we use a
relativistic approach giving additional information about
excitation of fine-structure transitions between levels with
the same principal quantum number n as well as informa-
tion about the excitation from relativistic levels. Although
a statistical weighting approach or algebraic recoupling
could be used to obtain information about excitation of
relativistic levels from non-degenerate s-levels, it is not
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possible to get similar information about excitation from
relativistic p-, d- levels.

One can find collision data for the excitation of transi-
tions in Fe xxvi ions using parameters presented by Mann
(1983), Golden et al. (1981), Clark et al. (1982). The two
last papers contain very wide range of transitions includ-
ing levels with principal quantum number n ≤ 5. Un-
fortunately, these data are incomplete and inconsistent.
First of all, they are presented for non-relativistic energy
levels. Secondly, the parameters are obtained without ac-
counting for autoionization resonance structure in colli-
sion strengths which give a significant contribution to ef-
fective collision strengths (Kisielius et al. 1995). Aggarwal
& Kingston (1993) overcome this inaccuracy by use of
R-matrix techniques but restrict calculations for the non-
relativistic case only.

In present work we continue our earlier relativis-
tic study of collisional excitation in hydrogen-like ions
(Kisielius et al. 1995). The significant expansion of the
previous calculation is to include energy levels with n ≤ 5
in the target description which provides possibility to ac-
count for resonances in excitation collision strengths for
transitions involving n ≤ 4 levels.

The present calculation is part of the international col-
laboration known as the IRON Project (Hummer et al.
1993, referred to as Paper I) to obtain accurate collision
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rates for fine-structure transitions. Other papers in the
IRON project series are listed in the references.

2. The calculation

The basic atomic theory, approximation and computer
codes employed in the IRON Project are described in Pa-
per I. In contrast to the Breit-Pauli approximation used in
other papers of the IRON Project, we apply the fully rel-
ativistic Dirac R-matrix approach of Norrington & Grant
(1987) in the present calculation.

We include the 25 lowest energy levels 1s1/2, 2s1/2,
2p1/2, 2p3/2, 3s1/2, 3p1/2, 3p3/2, 3d3/2, 3d5/2, 4s1/2, 4p1/2,
4p3/2, 4d3/2, 4d5/2, 4f5/2, 4f7/2, 5s1/2, 5p1/2, 5p3/2, 5d3/2,
5d5/2, 5f5/2, 5f7/2, 5g7/2, 5g9/2 to describe the ionic target
in collision process. The target wavefunctions are gener-
ated using the GRASP program of Grant et al. (1980)
in which a single-particle Dirac Hamiltonian accounting
for mass-correction, Darwin and spin-orbit terms with
the Coulomb electron-electron interaction is employed. In
the non-relativistic approximation, the levels of hydrogen
atoms and hydrogen-like ions are quasidegenerate, i.e. the
levels with the same principal quantum number n and dif-
ferent orbital angular momentum l have the same energy.
In the relativistic case, this is true for levels with the same
n and total angular momentum J . These levels split due
to inclusion of radiative corrections (Lamb shift).

Table 1. Energy levels (in Ry) of He ii and Fe xxvi ions

Index Level He ii Fe xxvi

1 1s1/2 0.000000000 0.0000000
2 2p1/2 3.000113769 510.9519822
3 2s1/2 3.000118044 510.9949940
4 2p3/2 3.000167149 512.5109778
5 3p1/2 3.555712294 606.0908759
6 3s1/2 3.555713560 606.1038432
7 3d3/2 3.555728079 606.5523105
8 3p3/2 3.555728106 606.5531434
9 3d5/2 3.555733356 606.7038123

10 4p1/2 3.750169601 639.3257232
11 4s1/2 3.750170139 639.3311999
12 4d3/2 3.750176263 639.5202350
13 4p3/2 3.750176272 639.5205885
14 4f5/2 3.750178487 639.5840838
15 4d5/2 3.750178487 639.5841977
16 4f7/2 3.750179599 639.6159335

Relativistic separation of energy levels, particularly in
the He ii ions, is very small (see Table 1). In order to
avoid inaccuracies arising from restriction of the target
wavefunction expansion, we adjust the target energies by
incorporating high-precision theoretical data of Erickson
(1977) in the internal region matrix before diagonaliza-
tion. These energy levels, along with the level indexes for
He ii ions, are presented in Table 1.

Total collision strengths for transitions in hydrogen-
like ions are determined as a sum of partial collision
strengths with particular angular momentum Jtot of
the system atom+electron. We calculate partial collision
strengths for Jtot ≤ 40 to achieve convergence of optically
allowed transitions between the n = 3 and n = 4 levels
as well as for transitions between energy levels with the
same n values. For transitions between quasidegenerate
levels we add ‘top-up’ values to account for partial colli-
sion strengths with Jtot > 40 by assuming a geometrical
series and summing to infinity.

We perform the calculation for Fe xxvi using the same
framework. In Table 1, we present accurate theoretical en-
ergy level values from Erickson (1977) used in our calcu-
lation. One can notice considerably larger energy splitting
compared with that for He ii ions. This is due to the in-
creased relativistic corrections. Nevertheless, energy levels
with the same n and J values lie rather close, so we have
to account for high Jtot partial collision strengths by ‘top-
up’, as above.

3. Results

Collision strengths are computed for each ion for the tran-
sitions including levels up to n = 4 over a wide and suffi-
ciently fine energy mesh. This enables us to integrate the
data over a Maxwellian distribution of electron velocities
to determine the effective collision strength Υ. Having tab-
ulated Υ values, one can easily obtain electron excitation
and de-excitation rate coefficients.

Table 2 provides effective collision strengths for He ii

at single temperature point T = 10 000 K obtained using
various approximations. In our case, the collision strengths
Ω are calculated in the energy region from 3.004 Ry to
7.0 Ry. In the interval E = 3.34−3.82 Ry where resonance
structure is very rich, Ω are calculated at more than 5500
energy points providing fairly correct information in the
resonance regions. We sum our effective collision strengths
over all possible Jtot values in order to compare with avail-
able non-relativistic data.

With some exceptions, there is reasonably good agree-
ment of our data with the previous calculation of Aggarwal
et al. (1991) where a non-relativistic R-matrix technique
was used. However, differences of up to a factor of 3 ex-
ist for the excitation of n = 4 levels. This is because in
the earlier calculation of Ω, the energy mesh was not fine
enough to get full information about the resonance struc-
ture. This could lead to substantial error in determining
effective collision strengths because the lowest resonances,
corresponding to 5ln′l′ doubly excited states of helium,
lie very close to n = 4 excitation thresholds (Herrick &
Sinanoğlu 1975). These resonances become very signifi-
cant at low temperatures where the value of the effective
collision strength Υ depends on the near-threshold col-
lision strengths. The agreement with data of Hummer &
Storey (1987) is worse (with exception of 1s−2s and 1s−2p
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Table 2. Comparison of calculated effective collision strengths
Υ with non-relativistic data for some transitions in He ii

at temperature 104 K. DRM denotes present relativistic
25-state Dirac R-matrix calculation, NRM denotes 15-state
non-relativistic R-matrix calculation data of Aggarwal et al.
(1991), and HS denotes data obtained using formulae from
Hummer & Storey (1987)

Transition DRM NRM HS

1s - 2s 1.67−1 1.56−1 1.42−1
1s - 2p 3.58−1 3.46−1 3.16−1
1s - 3s 4.67−2 3.88−2 5.61−2
1s - 3p 7.26−2 6.08−2 9.53−2
1s - 3d 4.70−2 3.96−2 6.06−2
1s - 4s 2.56−2 8.63−3
1s - 4p 4.25−2 1.55−2
1s - 4d 3.06−2 1.56−2
1s - 4f 9.50−3 8.43−3
2s - 3s 5.89−1 5.95−1 6.34−1
2s - 3p 2.06+0 1.61+0 2.30+0
2s - 3d 1.80+0 1.56+0 2.33+0
2p - 3s 2.12+0 1.67+0 2.26+0
2p - 3p 5.18+0 4.62+0 6.15+0
2p - 3d 1.23+1 1.04+1 1.38+1
3s - 3d 2.68+1 2.94+1
3s - 4s 2.14+0 1.37+0
3s - 4p 5.75+0 2.90+0
4s - 4d 5.53+1 7.45+1
4s - 4f 3.88+1 2.48+1

transitions). This can be explained by fact that data used
to get fitting parameters in their work were taken from
old calculations which did not account for a higher ex-
cited states such as n = 4, 5.

The effective collision strengths for some transitions
in Fe xxvi ions obtained using various approximations
are presented in Table 3. In our R-matrix calculation, the
energy interval is chosen to be from 512.5 Ry to 1000 Ry.
This enables us to obtain Υ for temperature T ≤ 3 107 K.
We use an energy mesh containing more than 1500 points
with a high density in the resonance areas. This enables
us to avoid uncertainties in performing the integration to
obtain effective collision strengths Υ.

One can see from Table 3 that agreement with the data
of Aggarwal and Kingston (1993) is very good in general,
though less good for 1s−4l. The comparison with the data
obtained using Coulomb-Born-Oppenheimer (CBO) ap-
proximation (Golden et al. 1981; Clark et al. 1982) makes
it clear that the effect of autoionizing resonances becomes
more and more significant for excitation to a higher levels.
One can notice very good agreement in the case of 1s−2s
and 1s−2p excitation, but much poorer in the case of exci-
tation to the n = 3 and n = 4 states. A similar statement
is valid for the data of Mann (1983). It should be noted
that agreement between two last columns in Table 3 in-

Table 3. Comparison of calculated effective collision strengths
Υ with non-relativistic calculation data for some transitions
in Fe xxvi at temperature 106 K. DRM denotes present
relativistic 25-state Dirac R-matrix calculation, NRM de-
notes 15-state non-relativistic R-matrix calculation data (Ag-
garwal & Kingston 1993), CBO denotes data obtained us-
ing Coulomb-Born-Oppenheimer approximation (Golden et al.
1981; Clark et al. 1982), and DWX denotes distorted wave cal-
culation (Mann 1983)

Transition DRM NRM CBO DWX

1s - 2s 1.14−3 1.02−3 1.07−3 1.10−3
1s - 2p 4.52−3 4.29−3 4.39−3 4.34−3
1s - 3s 2.79−4 2.69−4 2.27−4 2.32−4
1s - 3p 1.04−3 1.03−3 9.34−4 9.36−4
1s - 3d 2.79−4 2.69−4 1.57−4 1.57−4
1s - 4s 1.63−4 9.73−5 8.63−5 8.77−5
1s - 4p 4.67−4 3.93−4 3.56−4 3.60−4
1s - 4d 1.50−4 1.36−4 8.04−5 8.01−5
1s - 4f 4.77−5 6.59−5 5.21−6 5.20−6
2s - 3s 1.26−2 1.23−2 1.31−2
2s - 3p 1.45−2 1.56−2 1.34−2
2s - 3d 2.76−2 3.15−2 2.66−2
2p - 3s 5.88−3 5.41−3 2.68−3
2p - 3p 5.87−2 6.30−2 5.07−2
2p - 3d 1.73−1 1.87−1 1.64−1
3s - 3d 2.33−1 2.12−1
3s - 4s 5.83−2 5.62−2 5.92−2
3s - 4p 3.89−2 4.03−2 3.26−2
4s - 4d 8.42−1 8.12−1
4s - 4f 2.04−1 1.92−1

dicates validity of CBO approximation for hydrogen-like
ions with high Z.

We present effective collision strengths Υ at four elec-
tron temperatures in Tables 4 and 5, for transitions be-
tween relativistic energy levels with principal quantum
number n ≤ 4. Effective collision strengths for He ii

are presented in Table 4, and for Fe xxvi are in Table
5. In addition, the quasi-degenerate 2s1/2 − 2p3/2 transi-
tion was discussed in Kisielius et al. (1995). Due to the
large amount of transitions it is not feasible to present
Υ at more temperature points in this paper. However,
one can obtain values of effective collision strengths from
the IRON Project database for temperatures other than
those presented in Tables 4 and 5. Alternatively, one can
get approximate Υ values from these tables using inter-
polation procedures. The maximum temperature quoted
here should be regarded as the limit to the validity of the
present calculation.

4. Discussion

Collision strengths have been calculated using relativistic
R-matrix techniques for excitation of fine structure tran-
sitions involving n = 1, 2, 3, 4 levels in hydrogen-like ions
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He ii and Fe xxvi. This is the first such calculation on
H-like systems, so it is not possible to compare with earlier
relativistic calculations. Comparison with non-relativistic
calculations demonstrates a good agreement for most low-
lying transitions, but point to the importance of delineat-
ing resonance structure, particularly at low temperatures
in He ii.

A particular difficulty with calculations on atoms and
near-neutral ions is the effect of ionization channels at in-
termediate energies. We omit such channels, as did Aggar-
wal et al. (1991), but note that work on the intermediate
energy R-matrix method (IERM) by Odgers et al. (1995)
indicates that this omission could lead to an overestima-
tion of around 10% in our effective collision strengths for
He ii at the higher temperatures.
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Table 4. Effective collision strengths for fine-
structure transitions in He ii ions at four temperature points
log T (K)=3.2, 3.5, 4.0, 4.3. Line notation corresponds to the
level indexes presented in Table 1

line 3.2 3.5 4.0 4.3

1 - 2 1.12(−1) 1.14(−1) 1.20(−1) 1.26(−1)
1 - 3 1.76(−1) 1.73(−1) 1.67(−1) 1.62(−1)
1 - 4 2.21(−1) 2.26(−1) 2.38(−1) 2.52(−1)
1 - 5 2.35(−2) 2.27(−2) 2.43(−2) 2.57(−2)
1 - 6 5.04(−2) 4.74(−2) 4.67(−2) 4.55(−2)
1 - 7 2.22(−2) 2.05(−2) 1.88(−2) 1.76(−2)
1 - 8 4.60(−2) 4.47(−2) 4.83(−2) 5.12(−2)
1 - 9 3.35(−2) 3.09(−2) 2.82(−2) 2.64(−2)
1 - 10 2.10(−2) 1.76(−2) 1.42(−2) 1.39(−2)
1 - 11 3.63(−2) 3.11(−2) 2.56(−2) 2.44(−2)
1 - 12 1.81(−2) 1.53(−2) 1.22(−2) 1.12(−2)
1 - 13 4.15(−2) 3.48(−2) 2.83(−2) 2.77(−2)
1 - 14 5.11(−3) 4.81(−3) 4.08(−3) 3.34(−3)
1 - 15 2.73(−2) 2.31(−2) 1.84(−2) 1.68(−2)
1 - 16 6.82(−3) 6.40(−3) 5.42(−3) 4.43(−3)

2 - 4 8.04(+0) 7.73(+0) 6.93(+0) 6.40(+0)
2 - 5 9.40(−1) 9.02(−1) 8.85(−1) 8.95(−1)
2 - 6 8.74(−1) 8.05(−1) 6.96(−1) 6.20(−1)
2 - 7 2.52(+0) 2.57(+0) 2.84(+0) 3.18(+0)
2 - 8 1.03(+0) 9.42(−1) 8.40(−1) 7.65(−1)
2 - 9 1.06(+0) 1.07(+0) 1.16(+0) 1.18(+0)
2 - 10 4.54(−1) 4.06(−1) 3.37(−1) 3.16(−1)
2 - 11 4.30(−1) 3.96(−1) 3.19(−1) 2.70(−1)
2 - 12 6.58(−1) 6.32(−1) 6.44(−1) 7.34(−1)
2 - 13 6.31(−1) 5.51(−1) 4.35(−1) 3.70(−1)
2 - 14 5.46(−1) 5.68(−1) 6.00(−1) 5.93(−1)
2 - 15 5.75(−1) 5.19(−1) 4.53(−1) 4.12(−1)
2 - 16 3.03(−1) 3.12(−1) 3.43(−1) 3.13(−1)

3 - 5 7.65(−1) 7.22(−1) 6.89(−1) 6.84(−1)
3 - 6 5.74(−1) 5.52(−1) 5.89(−1) 6.50(−1)
3 - 7 7.12(−1) 6.97(−1) 7.15(−1) 7.54(−1)
3 - 8 1.51(+0) 1.43(+0) 1.37(+0) 1.36(+0)
3 - 9 1.08(+0) 1.05(+0) 1.08(+0) 1.13(+0)
3 - 10 3.48(−1) 3.05(−1) 2.52(−1) 2.39(−1)
3 - 11 3.96(−1) 3.40(−1) 2.64(−1) 2.37(−1)
3 - 12 3.96(−1) 3.57(−1) 2.91(−1) 2.67(−1)
3 - 13 6.90(−1) 6.06(−1) 5.02(−1) 4.77(−1)
3 - 14 2.05(−1) 2.04(−1) 2.00(−1) 1.95(−1)
3 - 15 5.96(−1) 5.36(−1) 4.37(−1) 4.01(−1)
3 - 16 2.72(−1) 2.72(−1) 2.66(−1) 2.59(−1)
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Table 4. continued

line 3.2 3.5 4.0 4.3

4 - 5 1.03(+0) 9.47(−1) 8.39(−1) 7.64(−1)
4 - 6 1.76(+0) 1.63(+0) 1.42(+0) 1.28(+0)
4 - 7 1.90(+0) 1.91(+0) 2.05(+0) 2.15(+0)
4 - 8 2.90(+0) 2.75(+0) 2.62(+0) 2.57(+0)
4 - 9 5.42(+0) 5.61(+0) 6.27(+0) 6.95(+0)
4 - 10 6.40(−1) 5.59(−1) 4.34(−1) 3.65(−1)
4 - 11 8.78(−1) 8.08(−1) 6.48(−1) 5.48(−1)
4 - 12 8.50(−1) 7.77(−1) 7.09(−1) 6.81(−1)
4 - 13 1.57(+0) 1.40(+0) 1.16(+0) 1.05(+0)
4 - 14 7.28(−1) 7.47(−1) 8.55(−1) 8.25(−1)
4 - 15 1.69(+0) 1.59(+0) 1.56(+0) 1.67(+0)
4 - 16 1.15(+0) 1.20(+0) 1.27(+0) 1.23(+0)

5 - 8 1.47(+1) 1.46(+1) 1.53(+1) 1.55(+1)
5 - 9 8.90(+0) 8.57(+0) 7.80(+0) 6.89(+0)
5 - 10 2.29(+0) 2.12(+0) 2.06(+0) 2.45(+0)
5 - 11 1.85(+0) 1.72(+0) 1.49(+0) 1.36(+0)
5 - 12 7.26(+0) 6.85(+0) 6.46(+0) 6.80(+0)
5 - 13 3.04(+0) 2.68(+0) 2.21(+0) 1.96(+0)
5 - 14 3.86(+0) 3.85(+0) 4.11(+0) 4.49(+0)
5 - 15 3.13(+0) 2.88(+0) 2.60(+0) 2.79(+0)
5 - 16 2.16(+0) 2.18(+0) 2.17(+0) 2.01(+0)

6 - 7 1.05(+1) 1.05(+1) 1.07(+1) 1.06(+1)
6 - 9 1.57(+1) 1.58(+1) 1.61(+1) 1.60(+1)
6 - 10 2.40(+0) 2.19(+0) 1.91(+0) 1.81(+0)
6 - 11 2.59(+0) 2.28(+0) 2.14(+0) 2.49(+0)
6 - 12 2.73(+0) 2.56(+0) 2.37(+0) 2.48(+0)
6 - 13 4.79(+0) 4.38(+0) 3.84(+0) 3.65(+0)
6 - 14 2.42(+0) 2.47(+0) 2.72(+0) 3.19(+0)
6 - 15 4.12(+0) 3.84(+0) 3.41(+0) 3.25(+0)
6 - 16 3.19(+0) 3.20(+0) 3.31(+0) 3.51(+0)

7 - 9 2.34(+1) 2.22(+1) 2.09(+1) 1.93(+1)
7 - 10 4.58(+0) 4.28(+0) 3.65(+0) 3.23(+0)
7 - 11 3.10(+0) 2.86(+0) 2.23(+0) 1.76(+0)
7 - 12 7.90(+0) 7.62(+0) 7.39(+0) 7.94(+0)
7 - 13 4.79(+0) 4.44(+0) 3.62(+0) 2.96(+0)
7 - 14 1.74(+1) 1.83(+1) 2.09(+1) 2.40(+1)
7 - 15 5.63(+0) 5.47(+0) 5.39(+0) 6.91(+0)
7 - 16 5.21(+0) 5.78(+0) 5.99(+0) 5.45(+0)

8 - 10 3.07(+0) 2.70(+0) 2.22(+0) 1.96(+0)
8 - 11 3.67(+0) 3.41(+0) 2.97(+0) 2.71(+0)
8 - 12 5.16(+0) 4.76(+0) 4.16(+0) 3.89(+0)
8 - 13 7.62(+0) 6.92(+0) 6.35(+0) 6.89(+0)
8 - 14 3.94(+0) 4.03(+0) 4.54(+0) 5.63(+0)
8 - 15 1.56(+1) 1.46(+1) 1.31(+1) 1.25(+1)
8 - 16 8.30(+0) 8.35(+0) 9.10(+0) 1.05(+1)

9 - 10 3.21(+0) 2.95(+0) 2.37(+0) 1.90(+0)
9 - 11 4.69(+0) 4.34(+0) 3.38(+0) 2.65(+0)
9 - 12 5.62(+0) 5.43(+0) 4.73(+0) 4.03(+0)
9 - 13 1.10(+1) 1.03(+1) 8.63(+0) 7.47(+0)
9 - 14 7.21(+0) 8.06(+0) 8.83(+0) 9.18(+0)
9 - 15 1.47(+1) 1.42(+1) 1.32(+1) 1.31(+1)
9 - 16 2.72(+1) 2.88(+1) 3.36(+1) 4.12(+1)

Table 4. continued

line 3.2 3.5 4.0 4.3

10 - 13 3.47(+1) 3.34(+1) 3.52(+1) 3.83(+1)
10 - 14 2.40(+1) 2.25(+1) 2.11(+1) 1.98(+1)
10 - 15 2.40(+1) 2.18(+1) 2.14(+1) 2.25(+1)
10 - 16 1.20(+1) 1.09(+1) 9.15(+0) 7.48(+0)

11 - 12 2.62(+1) 2.53(+1) 2.73(+1) 3.01(+1)
11 - 14 1.84(+1) 1.90(+1) 2.43(+1) 2.94(+1)
11 - 15 3.64(+1) 3.26(+1) 2.80(+1) 2.56(+1)
11 - 16 2.00(+1) 1.75(+1) 1.45(+1) 1.26(+1)

12 - 15 8.92(+2) 9.06(+2) 9.21(+2) 9.15(+2)
12 - 16 2.41(+1) 2.24(+1) 1.93(+1) 1.60(+1)

13 - 14 1.49(+3) 1.52(+3) 1.54(+3) 1.52(+3)
13 - 16 5.62(+1) 5.37(+1) 5.41(+1) 5.46(+1)

14 - 16 1.27(+3) 1.29(+3) 1.32(+3) 1.31(+3)

Table 5. Effective collision strengths for fine-structure transi-
tions in Fe xxvi ions at four temperature points log T (K)=6.0,
6.5, 7.0, 7.5. Line notation corresponds to the level indexes pre-
sented in Table 1

line 6.0 6.5 7.0 7.5

1 - 2 1.49(−3) 1.65(−3) 1.74(−3) 1.64(−3)
1 - 3 1.14(−3) 1.43(−3) 1.42(−3) 1.18(−3)
1 - 4 3.03(−3) 3.67(−3) 3.66(−3) 3.30(−3)
1 - 5 3.59(−4) 3.66(−4) 3.52(−4) 3.02(−4)
1 - 6 2.79(−4) 2.84(−4) 2.61(−4) 2.11(−4)
1 - 7 1.15(−4) 1.17(−4) 8.74(−5) 5.64(−5)
1 - 8 6.81(−4) 6.90(−4) 6.74(−4) 5.89(−4)
1 - 9 1.64(−4) 1.67(−4) 1.24(−4) 8.03(−5)
1 - 10 1.87(−4) 1.61(−4) 1.40(−4) 1.12(−4)
1 - 11 1.63(−4) 1.30(−4) 1.05(−4) 7.93(−5)
1 - 12 7.15(−5) 5.38(−5) 3.83(−5) 2.54(−5)
1 - 13 2.80(−4) 2.66(−4) 2.56(−4) 2.16(−4)
1 - 14 2.46(−5) 1.44(−5) 6.55(−6) 2.82(−6)
1 - 15 7.82(−5) 6.28(−5) 4.92(−5) 3.46(−5)
1 - 16 2.31(−5) 1.39(−5) 6.65(−6) 3.03(−6)

2 - 4 2.92(−2) 4.14(−2) 4.02(−2) 2.67(−2)
2 - 5 1.36(−2) 1.42(−2) 1.39(−2) 1.19(−2)
2 - 6 1.97(−3) 2.19(−3) 1.67(−3) 1.17(−3)
2 - 7 4.60(−2) 4.97(−2) 5.66(−2) 5.86(−2)
2 - 8 5.49(−3) 5.59(−3) 4.27(−3) 2.84(−3)
2 - 9 1.01(−2) 1.00(−2) 7.33(−3) 4.49(−3)
2 - 10 3.36(−3) 3.06(−3) 2.77(−3) 2.24(−3)
2 - 11 1.19(−3) 8.17(−4) 4.95(−4) 3.03(−4)
2 - 12 9.27(−3) 9.27(−3) 1.00(−2) 9.55(−3)
2 - 13 2.09(−3) 1.68(−3) 1.18(−3) 7.47(−4)
2 - 14 2.58(−3) 2.17(−3) 1.94(−3) 1.73(−3)
2 - 15 3.28(−3) 2.65(−3) 1.84(−3) 1.08(−3)
2 - 16 1.96(−3) 1.41(−3) 8.65(−4) 4.72(−4)
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Table 5. continued

line 6.0 6.5 7.0 7.5

3 - 5 5.20(−3) 5.86(−3) 6.79(−3) 7.43(−3)
3 - 6 1.26(−2) 1.31(−2) 1.34(−2) 1.19(−2)
3 - 7 1.13(−2) 1.19(−2) 1.21(−2) 1.12(−2)
3 - 8 9.34(−3) 1.04(−2) 1.23(−2) 1.37(−2)
3 - 9 1.63(−2) 1.71(−2) 1.78(−2) 1.66(−2)
3 - 10 1.85(−3) 1.60(−3) 1.55(−3) 1.48(−3)
3 - 11 3.16(−3) 2.87(−3) 2.69(−3) 2.26(−3)
3 - 12 2.68(−3) 2.28(−3) 2.00(−3) 1.62(−3)
3 - 13 2.85(−3) 2.66(−3) 2.79(−3) 2.77(−3)
3 - 14 2.02(−3) 1.61(−3) 1.31(−3) 1.02(−3)
3 - 15 3.70(−3) 3.26(−3) 2.94(−3) 2.43(−3)
3 - 16 2.46(−3) 2.02(−3) 1.70(−3) 1.33(−3)

4 - 5 5.85(−3) 5.93(−3) 4.52(−3) 3.04(−3)
4 - 6 3.91(−3) 4.12(−3) 3.18(−3) 2.35(−3)
4 - 7 2.25(−2) 2.34(−2) 2.13(−2) 1.79(−2)
4 - 8 3.29(−2) 3.38(−2) 3.20(−2) 2.68(−2)
4 - 9 9.40(−2) 1.01(−1) 1.12(−1) 1.13(−1)
4 - 10 2.28(−3) 1.79(−3) 1.24(−3) 7.80(−4)
4 - 11 1.78(−3) 1.30(−3) 8.69(−4) 5.72(−4)
4 - 12 6.12(−3) 5.22(−3) 4.33(−3) 3.28(−3)
4 - 13 7.95(−3) 7.26(−3) 6.54(−3) 5.21(−3)
4 - 14 3.66(−3) 2.71(−3) 1.82(−3) 1.18(−3)
4 - 15 1.95(−2) 1.91(−2) 1.99(−2) 1.85(−2)
4 - 16 5.60(−3) 4.71(−3) 4.05(−3) 3.44(−3)

5 - 8 1.30(−1) 1.30(−1) 1.14(−1) 8.91(−2)
5 - 9 5.34(−2) 5.56(−2) 3.58(−2) 2.01(−2)
5 - 10 5.93(−2) 5.98(−2) 6.09(−2) 5.25(−2)
5 - 11 7.38(−3) 6.34(−3) 6.05(−3) 6.11(−3)
5 - 12 7.53(−2) 8.57(−2) 1.16(−1) 1.31(−1)
5 - 13 1.21(−2) 1.08(−2) 9.98(−3) 8.63(−3)
5 - 14 8.09(−2) 8.51(−2) 9.54(−2) 9.08(−2)
5 - 15 1.82(−2) 1.52(−2) 1.21(−2) 9.06(−3)
5 - 16 2.23(−2) 1.71(−2) 1.24(−2) 8.78(−3)

6 - 7 9.08(−2) 9.26(−2) 7.76(−2) 5.84(−2)
6 - 9 1.39(−1) 1.40(−1) 1.17(−1) 8.81(−2)
6 - 10 1.47(−2) 1.65(−2) 2.29(−2) 2.75(−2)
6 - 11 5.83(−2) 5.90(−2) 6.07(−2) 5.28(−2)
6 - 12 2.86(−2) 2.98(−2) 3.35(−2) 3.22(−2)
6 - 13 2.42(−2) 2.81(−2) 4.11(−2) 5.05(−2)
6 - 14 3.13(−2) 2.94(−2) 2.77(−2) 2.28(−2)
6 - 15 4.26(−2) 4.45(−2) 5.00(−2) 4.80(−2)
6 - 16 4.18(−2) 3.90(−2) 3.68(−2) 3.04(−2)

Table 5. continued

line 6.0 6.5 7.0 7.5

7 - 9 2.06(−1) 2.15(−1) 1.35(−1) 7.06(−2)
7 - 10 1.29(−2) 1.06(−2) 8.70(−3) 7.34(−3)
7 - 11 8.42(−3) 6.26(−3) 4.17(−3) 2.80(−3)
7 - 12 1.27(−1) 1.23(−1) 1.20(−1) 1.01(−1)
7 - 13 1.75(−2) 1.27(−2) 7.87(−3) 4.86(−3)
7 - 14 5.02(−1) 5.44(−1) 6.55(−1) 6.76(−1)
7 - 15 3.43(−2) 2.46(−2) 1.52(−2) 8.94(−3)
7 - 16 5.64(−2) 4.05(−2) 2.46(−2) 1.39(−2)

8 - 10 1.23(−2) 1.12(−2) 1.06(−2) 9.42(−3)
8 - 11 1.16(−2) 1.05(−2) 1.17(−2) 1.28(−2)
8 - 12 3.85(−2) 3.72(−2) 3.98(−2) 3.92(−2)
8 - 13 1.28(−1) 1.29(−1) 1.32(−1) 1.15(−1)
8 - 14 5.30(−2) 4.73(−2) 4.41(−2) 3.79(−2)
8 - 15 1.58(−1) 1.76(−1) 2.29(−1) 2.55(−1)
8 - 16 1.59(−1) 1.61(−1) 1.76(−1) 1.65(−1)

9 - 10 1.13(−2) 8.11(−3) 4.90(−3) 2.82(−3)
9 - 11 1.20(−2) 9.12(−3) 6.21(−3) 4.22(−3)
9 - 12 3.39(−2) 2.43(−2) 1.51(−2) 9.01(−3)
9 - 13 3.18(−2) 2.50(−2) 1.92(−2) 1.51(−2)
9 - 14 9.75(−2) 8.27(−2) 7.35(−2) 6.35(−2)
9 - 15 2.11(−1) 2.03(−1) 1.91(−1) 1.58(−1)
9 - 16 7.63(−1) 8.25(−1) 9.96(−1) 9.84(−1)

10 - 13 4.17(−1) 3.87(−1) 3.56(−1) 2.83(−1)
10 - 14 2.99(−1) 2.64(−1) 2.29(−1) 1.78(−1)
10 - 15 1.01(−1) 8.11(−2) 6.60(−2) 5.22(−2)
10 - 16 9.93(−2) 6.36(−2) 3.49(−2) 1.98(−2)

11 - 12 3.36(−1) 3.13(−1) 2.87(−1) 2.27(−1)
11 - 14 8.65(−2) 6.23(−2) 4.14(−2) 2.84(−2)
11 - 15 5.06(−1) 4.72(−1) 4.33(−1) 3.43(−1)
11 - 16 1.17(−1) 8.91(−2) 5.86(−2) 3.92(−2)

12 - 15 3.42(−1) 2.66(−1) 2.00(−1) 1.44(−1)
12 - 16 2.56(−1) 1.55(−1) 7.75(−2) 4.00(−2)

13 - 14 2.30(−1) 1.68(−1) 1.14(−1) 7.71(−2)
13 - 16 6.04(−1) 5.17(−1) 4.26(−1) 3.20(−1)

14 - 16 7.37(−1) 4.55(−1) 2.33(−1) 1.19(−1)


