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Abstract. — We report new calculations of transition matrix elements for more than thirty thousand infrared lines
of the CO molecule and its isotopomers inside the X1Σ+ ground electronic state. These lines belong to the ∆v=1,
2, 3 bands involving very high excited states such as v′ ≤41 and J ′ ≤133. The transition matrix elements have been
calculated from an accurate solution of the Schrödinger equation by using two different theoretical electric dipole
moment functions (Werner 1981; Langhoff & Bauschlicher 1995). For low lying levels, our data compare satisfactorily
with experimental ones and related works (Goorvitch & Chackerian 1994a, b; Chackerian et al. 1994, Goorvitch 1994).
Moreover, we make predictions for oscillator strengths and Einstein coefficients involving high excited transitions. In
addition, we report simple analytic formulae that fit our results for 12C16O with an accuracy better than 10−2 as
a function of m = [J ′(J ′ + 1) − J ′′(J ′′ + 1)]/2 for each vibrational sequence and band. They offer an easy way to
compute the various intensities of these rovibrational transitions whose transition energies may be introduced via the
available Dunham coefficients.
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1. Introduction

The determination of the rovibrational intensities of car-
bon monoxide is important in our understanding of vari-
ous astrophysical media such as stellar and planetary at-
mospheres, circumstellar envelopes and interstellar clouds.
Amongst the recent attempts (Huré & Roueff 1993;
Goorvitch & Chackerian 1994a, b; Chackerian et al. 1994;
Goorvitch 1994) to get systematic results of the inten-
sities of fundamental and overtone rovibrational bands,
significant discrepancies have been found. As discussed
in Chackerian et al. (1994), these differences come from
different choices of the Electric Dipole Moment Function
(EDMF hereafter) - the behaviour of which is very uncer-
tain far from the equilibrium internuclear separation.

Laboratory measurements may provide the most ac-
curate constraints on the EDMF from infrared emission
line intensity ratios for low rovibrational states. However,
their reliability is less obvious for intermediate and high
energy levels which imply high excitation conditions and
large internuclear separations. Alternatively, the accuracy
of theoretical calculations for the EDMF is not limited at
interatomic distances far from the equilibrium distance.
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We present in this paper two new sets of infrared dipo-
lar transition matrix elements with v′ ≤ 41 and J ′ ≤ 133
for 12C16O, 13C16O, 12C18O and 12C17O molecules in their
electronic ground state. The calculations are performed
by using the two theoretical ab-initio EDMFs of Werner
(1981) and Langhoff & Bauschlicher (1995). Both these
EDMFs are in very good agreement with the experimen-
tal results for low excitation transitions of the fundamen-
tal band (Goorvitch & Chackerian 1994a, b). In addition,
our transition matrix elements are fitted with fourth de-
gree polynomial expansions which reproduce the original
data with an accuracy of the order of 10−3 for most of the
transitions.

Using the energy terms given by the mass independent
Dunham coefficients (Farrenq et al. 1991; Authier et al.
1993), these new sets allow straightforward calculations
of rovibrational intensities of the infrared transitions of
CO and its minor isotopomers.

2. Theoretical background

In the Born-Oppenheimer approximation, the energy lev-
els Ev,J of a molecule in a 1Σ+ ground state and the
corresponding radial wave functions Ψv,J(R) are solutions
of the Schrödinger nuclear equation (see Steinfeld 1989):



562 J.M. Huré and E. Roueff: Rovibrational dipole matrix elements of CO

[
− h2

8π2µ

(
d2

dR2
+
J(J + 1)

R2

)
+ V (R)

]
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Here, µ is the reduced mass of the two nuclei, V (R) is
the electronic potential depending on the radial distance
R, and v and J denote respectively the vibrational and
the rotational quantum numbers. We point out that this
equation does not assume any separation between rotation
and vibration motions. It remains valid as far as the Born-
Oppenheimer approximation holds.

Table 1. EDMF and its first derivative at equilibrium distance
for EDMF1 (Werner 1981), EDMF2 (Langhoff & Bauschlicher
1995) and EDMF3 (Chackerian et al. 1984)

Table 2. Values of the reduced masses for the different isotopes
of CO

Both absorption oscillator strengths (or f-values) and
emission Einstein A coefficients depend on the energy
levels and on the rovibrational matrix elements (or D-
values). For a given transition involving a lower level (v′′,
J′′) and an upper one (v′, J ′), the f-value and the A co-
efficient are respectively:
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In these formulae, Sv
′,J′

v′′,J′′ is the Hönl-London factor

resulting from the angular integrations (Sv
′,J′

v′′,J′′ = J ′′ for
P branches and J ′′ + 1 for R branches).

The radial transition matrix element Dv′,J′

v′′,J′′ is:

Dv′,J′

v′′,J′′ =

∫ ∞
0

Ψv′′,J′′(R)M(R)Ψv′,J′(R)dR (4)

M (in Debye) is the EDMF of the molecule in
its ground electronic state X1Σ+. (1D=10−18 esu, 1
au=2.541726645D and 1 C.m=2.99792458 1011 esu).
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Fig. 1. The three EDMFs (in Debye) used in this work as a
function of the internuclear distance (in a0). EDMF1 = Werner
(1981); EDMF2 = Langhoff & Bauschlicher 1995; EDMF3 =
Chackerian et al. 1984

3. About the choice of the dipole moment function

The theoretical determination of the permanent dipole
moment of CO at equilibrium (when R = Re and Re ≈
2.132a0) is a very difficult task since it involves cancella-
tion of terms of about the same order of magnitude. Its
experimental value is nowadays determined from Stark ef-
fect measurements on pure rotational transitions (Muenter
1975) and is equal to −0.123 D. Rovibrational transition
probabilities (∆v ≥ 1) on the other hand are most sensi-
tive to the actual dependence of the EDMF with internu-
clear distance.

In a preliminary paper (Huré & Roueff 1993), we have
reported a set of D-values using the EDMF of Cooper &
Kirby (1987). This first investigation showed significant
differences of the order of 10% with experimental deter-
minations (Chackerian et al. 1984), even for low lying vJ-
states. We have repeated our calculations with two dif-
ferent theoretical ab-initio EDMFs. The first one, named
EDMF1, has been computed by Werner (1981). The sec-
ond one, named EDMF2, has been recently published by
Langhoff & Bauschlicher (1995). In addition, as we shall
see below, EDMF1 and EDMF2 allow very satisfactory
agreement with experimental results obtained at low ex-
citations by Goorvitch & Chackerian (1994a, b). We have
indeed reproduced the values obtained by these authors by
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Table 3. D-values for some specific transitions. Values in the rectangles correspond to some transitions which are observed in
the sun: 1−0 to 20−19 (J ′ ≤ 133); 2−0 to 14−12 (J ′ ≤ 110) for 2C16O e.g. (Numbers in parenthesis refer to the power of ten
involved)

using their analytical EDMF (see Chackerian et al. 1984),
named EDMF3.

In a more recent paper (Roueff & Huré 1995), we have
compared D-values using EDMF1 to those obtained from
EDMF3. For the rotationless D-values involving the low-
est levels of to ∆v = 1 band, agreements are significantly
better: less than 1% for v-numbers smaller than 10. But
differences of the order of 3% and 20% remain for the ∆v
= 2 and 3 bands respectively in the same conditions. It ap-
pears that EDMF1 leads to better results than the EDMF
of Cooper & Kirby (1987) does. However, EDMF2 might
be preferable in some cases.

As shown in Table 1, EDMF2 and EDMF3 are identi-
cal at the equilibrium distance, but the first derivatives of

the three EDMF at R = Re differ by less than one percent.
Figure 1 displays the 3 functions.

4. Calculations and discussion

The properties of the potential V (R) as well as the in-
tegration method of the Schrödinger Eq. (1) have been
described elsewhere (see Huré & Roueff 1993). Since nu-
merous energy levels are well known from experiments, we
have been able to check the accuracy of our calculations
of the energy levels by comparing them with the spectro-
scopic determinations (see Farrenq et al. 1991; Sauval et
al. 1992; Le Floch 1991; Authier et al. 1993).

We have considered the most abundant isotopomers,
namely: 12C16O, 13C16O, 12C18O and 12C17O. The elec-
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Fig. 2. to 4. Contour maps displaying the ratios of D-values as a function of v′′ and m for each band. D1/D3 are plotted in
Fig. 2. D2/D3 are displayed in Fig. 3. D1/D2 are displayed in Figs. 4. From top to bottom: ∆v=1 (case a), ∆v=2 (case b) and
∆v=3 (case c)
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Table 4. a) Expansion coefficients of the polynomial expansion representing the transition D-values for the ∆v=1 band
and the 12C16O isotope. Results are obtained using EDMF2 (Langhoff & Bauschlicher 1995). The fits are better than 1%
when |m| ≤ mmax. The first column gives the lower vibrational quantum number v′′. The headers come from formula 5. The
rotationless transition matrix element (in Debye) is displayed in the second column. Numbers in parenthesis refer to the power
of ten involved

tronic properties such as the interatomic potential and
the EDMF are independent of the isotope. However the
rovibrational energy levels and the corresponding wave-
functions, which are obtained from the solution of the
Schrödinger equation, depend on the reduced mass of the
system. Table 2 summarizes the values of the reduced mass
for the various isotopomers.

We have computed D-values for transitions involving
v′ ≤ 41 and J ′ ≤ 133 for ∆v= 1, 2 and 3 using EDMF1,
EDMF2 and EDMF3 (corresponding D-values are noted
D1, D2 and D3 respectively). A simple cubic spline has
been applied to interpolate the ab-initio data points (ex-
cept for EDMF3 which is analytical). The adopted limits

on v and J correspond to the highest (independently) ob-
served levels for 12C16O molecule in the solar spectrum
detected by the ATMOS experiment (Farmer & Norton
1989; Farrenq et al. 1991).

We point out that the computation of the D-values
seems to be very sensitive to the interpolation method
used to calculate the electric dipole moment functions be-
tween data points. Actually, severe differences appear on
D-values when using a Padé approximant instead of a cu-
bic spline procedure.

We display in Figs. 2 to 4 the contour plots of the
ratios of the D-values calculated with the three EDMF’s
for the ∆v= 1, 2 and 3 bands (a, b and c respectively)



566 J.M. Huré and E. Roueff: Rovibrational dipole matrix elements of CO

Table 4. b) Same as Table 4a for ∆v= 2

and the complete set of v′′ and m values. The ratios are:
D1/D3 in Fig. 2, D2/D3 in Fig. 3 and D1/D2 in Figs. 4.
These plots concern the 12C16O molecule.

For low v and J transitions inside the fundamental
band of the 12C16O molecule, the three EDMF lead to very
similar results. Agreement is good to within less than 1%.
EDMF1 leads to D-values slightly closer to the experimen-
tal results than EDMF2 according to the first derivatives
at R = Re. For extreme v and J transitions, differences
appear as large as 20%, especially when using EDMF1 as
shown in Roueff & Huré (1995). For intermediate v and
J values, agreement between the EDMF’s is quite good
within a few percent. This is the case for most of the lines
recently identified in the solar spectrum (see Table 3).
For the first overtone band (∆v=2), we see that EDMF1
and EDMF2 lead to very close values of dipole matrix
elements for the whole set of vJ-lines within 2−3%. Com-
paring with EDMF3, the shift is largest for intermediate

v-numbers (v ≈ 20) and largest J-numbers. Finally, for
the second overtone band (∆v=3), the three EDMF lead
to very different D-values. As shown from Eq. (2), larger
differences do exist between gf-values based on the three
different EDMF.

The differences obtained from the three EDMFs re-
main of the same order of magnitude for the 13C16O
molecule and other isotopomers, which reflects the coher-
ence of the EDMF over all involved internuclear distances.
This is not the case when two experimental EDMFs
(Chackerian & Tipping 1983 and Chackerian et al. 1984)
are compared as shows Goorvitch (1994) in his Table 5.

Globally, whereas the ratios D1/D3, D2/D3 and
D1/D2 remain close to 1 for most values of v′′ and m
of the ∆v= 1 band, we note that the discrepancies be-
tween both choices of EDMF increase as ∆v, v′ and m
increase. We feel that these results show the remaining
uncertainties in the D-values due to the different choices
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Table 4. c) Same as Table 4a for ∆v= 3

of the EDMF functions. Both ∆v = 1 and 2 transitions
are present in the infrared solar spectrum (Grevesse &
Sauval 1991, 1993) and are often used to determine the
temperature of the photosphere. In the particular case of
∆v= 2, we suggest that models of the photosphere should
be performed with both sets of D-values to evaluate the
uncertainties coming from the molecular data themselves.

5. Polynomial fits

For an intensive use of this set of numerous lines and
associated D-values, it is very useful to have an analyt-
ical formula. Consequently, we have fitted them with a
fourth order polynomial form for each sequence and each
vibrational band by using a numerical minimax procedure
from the NAG mathematical library as a function of m=
[J ′(J ′ + 1) − J ′′(J ′′ + 1)]/2, v′′ and ∆v= n:

Dv′′

n (m) = 〈v′′ + n, J ′|M |v′′, J ′′〉 = α0,v′′,n + α1,v′′,nm+

α2,v′′,nm
2 + α3,v′′,nm

3 + α4,v′′,nm
4 (5)

For the P-branch (∆J = −1), m is (−J ′′) and for the
R-branch (∆J=+1), m is (+J ′).

This procedure is sufficient to reproduce most of the
original values with a relative uncertainty less than 1%.
The accuracy depends on the values of m and v′′ involved.
Figure 5 displays the results of the calculations for v′′ = 38
and ∆v = 1, 2 and 3 obtained with EDMF2 together with
our obtained analytical fit. The relative error arising from
the fitting procedure in logarithmic scale is also shown.
Tables 4a-c give the polynomial expansion coefficients for
the ∆v = 1, 2 and 3 sequences for 12C16O corresponding
to EDMF2 which gives the best agreement with the ex-
periments. The range of values of m for which the error
due to the fitting procedure is less than 1% is also listed
(for example, we note that, for the fundamental (∆v = 1)
band of the 12C16O molecule, this error is less than 10−2

for v′′=38 and |m| smaller than 129). We feel that this ac-
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Fig. 5. D-values as a function of m for the highest vibrational sequences considered (top). Crosses are the data. Lines are the
polynomial fittings. Logarithm of the relative errors due to the fitting procedure is also shown (dotted, bottom plots)

curacy is sufficient for most applications and still smaller
than the uncertainty due to the choice of the EDMF as
we point out later.

Though the square of the transition matrix elements
is involved in f-values or A Einstein coefficients, we found
that the errors arising from the fitting of the D-values
squared were always larger than two times the error com-
ing from the fitting of the D-values themselves for the
whole set of data. We found that the isotopic substitution
has only a small effect on D-values. Consequently, we have
obtained very close polynomial forms for the different iso-
topomers. Tables 4a-c and similar tables for the 13C16O,
12C18O and 12C17O isotopomers are avalaible in electronic
form at the CDS via anonymous ftp 130.79.128.5. The
polynomial fits of D1-values (computed with EDMF1) can
also be obtained via e-mail on request to the authors.
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