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3 Observatoire de la Côte d’Azur, Département Fresnel (URA CNRS 1361), BP. 229, F-06034 Nice Cedex 4, France
4 Max-Planck-Institut für Extraterrestrische Physik, Postfach 1603, D-85740 Garching, Germany
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Abstract. — We present a new method for infrared speckle imaging mainly based on the bispectral analysis
algorithm applied to extended objects. The efficiency of the reconstruction procedure is increased by a relaxation
process making use of redundancies in the pupil plane. The method is applied to near- and mid-infrared data sets of
the Red Rectangle (CRL 915) in K , L’ and M-bands leading to diffraction limited maps of the post-AGB (Asymptotic
Giant Branch) bipolar nebula. Studying the morphology of the Red Rectangle at sub-second of arc scale allows to
decompose the near and mid-infrared broadband spectrum in two parts: the radiated light from the central part of the
nebula and the radiated light from the lobes to the north and south. This decomposition indicates that, in addition
to scattering of the light from a central source, thermal extended emission from warm dust may also be important at
arsecond and subarcsecond scales in this bipolar nebula.

Key words: infrared: ISM: continuum — planetary nebulae: individual (CRL 915) — stars: individual (HD44179)
— techniques: image processing — techniques: interferometric

1. Introduction

Large bidimensional infrared array detectors have been
available since only recently. Their advent is causing im-
portant changes in infrared astronomy (Gatley 1987).
There are two ways to reach the optical/IR diffraction
limit of a large ground-based telescope: using the statisti-
cal properties of the atmosphere in post-processing short-
exposure speckled frames (Labeyrie 1970); or on-line cor-
recting the atmosphere disturbed wavefront by adaptive
optics (Babcock 1953).

In the field of speckle imaging, a big step has been
taken thanks to the introduction of third-order correla-
tion. Bispectral analysis is a seeing deconvolution method
processing in the Fourier plane, based on triple correla-
tions (Weigelt 1977). Although it has been first success-
fully applied to objects consisting of point-like sources
(stellar clusters) as HD 97950 AB in NGC 3603 (Hofmann
& Weigelt 1986), or Eta Carinae (Ebersberger & Weigelt
1986), not many applications to extended (∼ 1 to a few
arcseconds) objects have been published.
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We present an adaptation of the bispectral analysis
method to such objects. Our bispectrum phase relaxation
method has a similar effect as a least-square fitting method
(Glindemann et al. 1992) but has the advantage of be-
ing free from input models. Let us mention that phase
relaxation algorithms have also been developed for Knox-
Thompson analysis (Hardy et al. 1977; Drummond et al.
1988). We successfully applied this method to analyze
near-infrared observations of the Red Rectangle. This ob-
ject is a post-AGB source with a bipolar nebula appear-
ance known in the visible. The nickname of Red Rectangle
refers to the remarkable rectangular symmetry of the vis-
ible image in the red light (Cohen et al. 1975). The scat-
tering of the stellar radiation by the circumstellar dust
is assumed to be responsible for the shape of the nebula.
The central object (HD 44179) is a ninth V -magnitude
source of spectral type B9-A0 III. It is possibly a binary
star (Cohen et al. 1975).

The geometry of the circumstellar envelope is not fully
understood. Yusef-Zadeh & Morris (1984) have shown, us-
ing some radiative transfer simulations, that a disk-like
structure for the envelope reproduces the visible image of
the Red Rectangle.
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The diffraction limited images we present here in the
near- and mid-infrared (K, L’ and M bands) with an an-
gular resolution better than 0.2 arcsec give a new insight
of the nearby environment of the mass loosing late type
star HD 44179. The extension of the associated nebula
still exists up to λ=5 µm and has a rectangular shape (as
first order).

A comparison of the reconstructed images among each
other as well as a comparison to published K-band Shift-
and-add and Knox-Thompson reconstructions (Eckart &
Duhoux 1990) clearly reveal some complex structural fea-
tures. Let us mention that the reduction here described
was done in part using the IRSI software of the previous
reference. These structures may be related to heteroge-
neousnesses (clumps) in the dusty outflow. The presence
of the supposed companion, although not excluded, is not
obvious in our analysis.

2. Speckle observations at the CFHT

Observations were carried out at CFHT (Canada-France-
Hawaii Telescope) with the INSU-OPM (Institut National
des Sciences de l’Univers, Observatoire de Paris-Meudon)
infrared camera CIRCUS (Lacombe et al. 1989) on 1990
December 3. Since 1989, this camera allows speckle-type
acquisition in the K, L’ and M bands (Tessier et al. 1994).
Due to the large readout noise of the chip (2500 e−)
used then and its small size (32×32), observations were
restricted to the L’ (3.87 µm) and M (4.8 µm) bands
(Tessier 1993). More than 5000 frames of 0.16 s integra-
tion time were obtained at L’ and M on the Red Rect-
angle with an image scale of 0.103 arcsec per pixel and
a field of view of 3.3 arcsec. The seeing was between 0.5
arcsec and 1 arcsecond FWHM in the visible (airmass was
smaller than 1.3). The speckle transfer function was esti-
mated on a nearby reference star (HR 2267). We switched
every few minutes between the source and its reference
in order to sample the temporal seeing variations (condi-
tion of stationarity) so as to minimize seeing effects dur-
ing the reduction process (Perrier 1988). We estimated
the contribution of the detector and of the background
by integrating images of the sky close to the source (40′′

away) during the same amount of time. The integration
time was selected to achieve the best angular resolution
with a sufficient signal-to-noise (Tessier 1993), the limiting
parameter being the temporal coherence of the turbulent
atmosphere.

3. Speckle observations at the KPNO

Another set of speckle data comes from the IR speckle
camera (Beckers et al. 1988) obtained at the Kitt Peak
National Observatory 3.8-m (Mayall) telescope. Used at
K (2.2 µm) band, the camera provides an image scale of
0.058′′ per pixel, the size of each frame being 64 by 64
pixels.

Observations were carried out in 1987 November and
consist of 360 specklegrams of the Red Rectangle and 240
specklegrams of the point source (IRC-10118) of around
1/30 s integration time. At 0.5 µm the seeing during those
nights was typically 1.0′′, that corresponds to 0.75′′ at
2.2 µm, as compared to a speckle size of 0.12′′.

4. Data reduction process

The data reduction process is based on the bispectral anal-
ysis algorithm and consists of the following image process-
ing steps (Fig. 1):

– Calculation of the ensemble averaged power spectrum
and bispectrum of the speckle interferograms (source,
reference and sky).

– Noise correction of the sky background (in the power
spectrum and the bispectrum, for the source and for
the reference).

– Calibration of the object power spectrum and bispec-
trum by compensation of the speckle interferometry
transfer function in the power spectrum and bispec-
trum with the reference spectral and bispectral trans-
fer functions.

– Determination of the phase of the object Fourier trans-
form from the bispectrum.

– Determination of a high-resolution image of the object
from the object Fourier transform.

– Cleaning of the reconstructed map with the point
spread function.

Important steps of this process are examined in the
following sections. We assume that the raw data sets have
been already pre-processed frame by frame, by applying
the dead pixel corrections, zero level offsets (subtraction of
the background), flat fielding and selection of the “good”
frames (in terms of seeing parameters).

4.1. The bispectral analysis method

The bispectral analysis method leads to diffraction-limited
images in spite of image degradation by the atmosphere
and by telescope aberrations. Short exposures of the Red
Rectangle and of its reference produce speckle patterns in
the image plane of the telescope.

Each two-dimensional instantaneous frame I(α) can be
written as the convolution product (denoted by ⊗) of the
object O(α) with the combined telescope and atmospheric
instantaneous point spread function S(α)

I(α) = O(α)⊗ S(α). (1)

Since the Fourier transform of a convolution is an or-
dinary product, the Fourier transform of Eq. (1) can be
written as

Î(ν) = Ô(ν)× Ŝ(ν), (2)
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Fig. 1. a) Flow chart of the speckle bispectral analysis algorithm. The process can be divided in 5 successive steps: calculation
of averaged power spectra and bispectra (source, reference and skies), sky correction (unbiased power spectra and bispectra),
seeing calibration with the reference, iterating complex Fourier spectrum recovery and relaxation of the spectral phase, and
finally cleaning with the Lucy iterating algorithm. Note that the core of the algorithm is the relaxation procedure (marked with
a dashed line)
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Fig. 1. b) Detailed flow chart of the relaxation procedure (central part of Fig. 1a) indicating each operation involved and its
result. For more explanation report to Sects. 4.6 and 4.7
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where Ŝ(ν) describes the instantaneous transfer function
at the spatial frequency ν, affected by the atmospheric
turbulence.

Quantitative information is retrieved from a statisti-
cal analysis of a sequence of these instantaneous speckle
frames.

The triple correlation procedure, also called speckle
masking or bispectral analysis (Weigelt 1977; Lohmann et
al. 1983), is a natural generalization of the Labeyrie’s self-
correlation or power spectrum analysis (Labeyrie 1970).
It consists in computing the averaged triple correlation
or, which is equivalent, its Fourier transform, called the
energy bispectrum of the image.

The classical Labeyrie’s analysis consists in calculating
the ensemble averaged power spectrum given by

< |Î(ν)|2 >= |Ô(ν)|2 < |Ŝ(ν)|2 > . (3)

It is the product of the energy spectrum of the object
with the speckle transfer function which can be calibrated
on a point source (unresolved star) as long as the process
is stationary both in time and space (Roddier 1988).

To reconstruct a general object O(α) from speckle in-
terferometric measurements, we need both the modulus
and the phase of its Fourier transform Ô(ν). Power spec-
trum analysis is well suited to estimate the object energy
power spectrum |Ô(ν)|2, i.e. the modulus of its Fourier
transform, but the main drawback of this data reduction
process is the loss of phase information.

To preserve some object phase information we use the
image bispectrum given by

< Î(ν1)Î(ν2)Î∗(ν1 + ν2) > = Ô(ν1)Ô(ν2)Ô∗(ν1 + ν2)

< Ŝ(ν1)Ŝ(ν2)Ŝ∗(ν1 + ν2) > .

(4)

It is the product of the bispectrum of the object with
the bispectral transfer function. As for the speckle trans-
fer function, the bispectral transfer function can also be
calibrated on a point source (Roddier 1988).

4.2. Linearization of the bispectrum

The manipulation of the bispectrum, which is a 4-
dimensional complex function, presents some difficulties,
mainly because the required memory space (central and
virtual memory) is enormous when reducing large images.
The number of bispectral elements increases as the fourth
power of the array size N (von der Lühe & Pehlemann

1988). The full bispectrum has 9N4

16
index combinations

if sums of indexes are kept within the principal spectrum
range. Exploiting all possible symmetry relations allows
to reduce the number of elements of the bispectrum to
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A bispectrum reduced to a non-symmetric subset
would still consist of about 5.9 104 complex elements when
N=32, or about 8.6 105 elements when N=64.

Consequently, we would rather represent the bispec-
trum in a one-dimensional form because of memory allo-
cation problems. This has the supplementary advantage
of sequential processing: for loading as well as for integra-
tion of the bispectrum, this data order minimizes paging.
Classification of bispectral elements takes into account the
way the object spectrum will be recovered. It is based on
classification of the Fourier vectors ν1 and ν2, starting
from the origin of the Fourier plane and proceeding in a
circular spiral out to the diffraction limit. Thus, the bivec-
tors (ν1, ν2) are classified according to the following rules:
|ν1|, |ν2|, |ν1 + ν2| ≤ |νc|; |ν1| ≤ |ν2|; and |ν1| ≤ |ν0|;
where |νc| = D

λ is the diffraction limit frequency of the
telescope, D being its diameter, and ν0 is an adjustable
cutoff frequency, whose modulus is given by the signal-
to-noise ratio in the power spectrum. Choosing small |ν0|
forces Î(ν1) to have a high signal-to-noise ratio and also
reduces the number of bispectral elements. In the bis-
pectrum 4-dimensional space, this corresponds to near-
axis points. Increasing |ν0| introduces a larger number of
redundant triple products with low signal-to-noise ratio
(SNR). Although they contribute to an overall gain in
SNR if properly weighted, they dramatically increase the
computational efforts.

An optimum of SNR versus computational effort can
be reached by choosing a cutoff in |ν0| out to which triple
products with sufficiently large SNR are used by the re-
construction process. A typical value for |ν0| is the long
exposure cutoff frequency r0

λ , where r0 is the Fried param-
eter (Fried 1979; Roddier 1981).

Let us notice that distinct (ν1, ν2) bivectors can pro-
duce the same ν3 = ν1 + ν2 resulting vector. The num-
ber of such pairs is called the redundancy of the pupil
at the frequency ν3 (Cruzalèbes et al. 1992). High degree
of redundancy is found around the center of the Fourier
plane (small frequencies), while high frequencies have a
small degree of redundancy. The redundancy function has
to be circular-symmetric around the center of the Fourier
plane. This property can be used to check the complete-
ness (and/or quality) of the one-dimensional arrangement
of triple products used for the reconstruction of the com-
plex source spectrum.

4.3. Noise correction of the bispectrum

Although the average zero level offset due to the sky
background has been removed to each frame in the pre-
processing step, some residual contribution of the sky
background to the noise may still exist. To get rid of it, one
has to subtract its effects on both the power spectrum and
the bispectrum. As a first order approximation, its contri-
bution can be corrected by subtracting the power spec-
trum and bispectrum of the sky with the power spectra
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and bispectra of the source and its calibrator (the refer-
ence star). Theoretically, the sky is isotrope (i.e. no struc-
ture is present, thus the phase is null), but, as a matter of
fact, the images recorded on the sky may show some struc-
tures mostly due to the detector (even after flat fielding).

Let Isou(α) be a speckle frame of the source (Fig. 1),
we can write that the sky corrected frame of the source is
Isou(α)− Isky(α).

If we neglect the cross terms that vanish in presence
of zero averaging noise, the instantaneous sky corrected
power spectrum of the source can be written as Psou(ν)−
Psky(ν), difference between the raw power spectrum of the
source and the power spectrum of the sky for the source
(called sky corrected source power spectrum in Fig. 1a).
Similarly, the instantaneous sky corrected bispectrum of
the source becomes Bsou(ν1, ν2)−Bsky(ν1, ν2) (called sky
corrected source bispectrum in Fig. 1a).

For the reference, the noise correction follows the same
rules. The sky corrected frame of the reference is Iref(α)−
I′sky(α), while the instantaneous sky corrected power spec-
trum of the reference (called sky corrected reference power
spectrum in Fig. 1a) is Pref(ν) − P ′sky(ν), difference be-
tween the raw power spectrum of the reference (the square
of the MTF) and the power spectrum of the sky for the ref-
erence, while the instantaneous sky corrected bispectrum
of the reference is Bref(ν1, ν2)−B′sky(ν1, ν2), (called sky
corrected reference bispectrum in Fig. 1a).

4.4. Seeing calibration of the bispectrum

In their article, Lohmann et al. (1983) claimed that no
calibration of the transfer function is required in order
to recover the true object phase from the bispectra. We,
nevertheless, performed the calibration of the bispectrum:
if one assumes that the atmosphere does not have any
structural component in phase, the optics, as well as the
detector itself, may introduce some.

The bispectral transfer function that appears in Eq.
(4) can, in principle, be calibrated on a reference star. Its
amplitude takes high values when either ν1, ν2 or ν1 + ν2

is smaller than the seeing cutoff frequency r0
λ . Then it

drops off very rapidly up to the limit where ν1, ν2 and
ν1 + ν2 approach the diffraction cutoff frequency D

λ
. Its

amplitude is seeing-dependent and varies with the inverse
square of the number of speckles in the image for spa-
tial frequencies from r0

λ to D
λ (Roddier 1988). Its phase is

seeing-independent and equal to zero. It is insensitive to
telescope aberrations as long as these are small compared
to the effects of turbulence.

Using Eq. (4), the sky corrected and seeing calibrated
object bispectrum (called object bispectrum in Fig. 1) is
given by

Bobj(ν1, ν2) =
< Bsou(ν1, ν2) > − < Bsky(ν1, ν2) >

< Bref(ν1, ν2) > − < B′sky(ν1, ν2) >
.

(6)

Let us notice that, if one could measure the sky back-
ground simultaneously to the source and if a reference
star is available in the isoplanatic patch, it should be much
more preferable to sky correct and seeing calibrate instan-
taneously the bispectrum as follows

Bobj(ν1, ν2) =<
Îss(ν1)Îss(ν2)Î∗ss(ν1 + ν2)

Î′ss(ν1)Î′ss(ν2)Î′ss
∗(ν1 + ν2)

>, (7)

where Îss = Îsou(ν)− Îsky(ν) and Î′ss(ν) = Îref(ν)− Î′sky(ν)
are the Fourier transforms of the instantaneous sky cor-
rected speckle frames of the source and of the reference
respectively. This instantaneous calibration leads to bet-
ter results because the reference star and the skies have
been taken in exactly the same conditions of turbulence
as the source. Unfortunately, this is not the case with the
Red Rectangle data.

In order to avoid zero divisions when calibrating the
bispectrum with Eqs. (6) or (7), we have implemented an
iterating algorithm, based on Van Cittert (1931). The out-
put estimate of this algorithm converges to the solution of
the normal division after an infinite number of iterations.

The principle of the method is the following. Let be
R = P

Q . If |Q| � 1 the calculation of R may rapidly
diverge. One estimate of R could be:

Rn = P ×
n∑
i=0

(1−Q)i. (8)

According to the fact that
∞∑
i=0

(1−Q)i =
1

Q
, it is easy

to demonstrate that lim
n→∞

Rn = R.

In the case where the modulus of the denominator of
the second term in Eqs. (6) or (7) becomes smaller than
10−1, we typically used about ten iterations to estimate
the ratio. In the other case, we calculated the ratio by
normal division.

4.5. Tracing the errors

The statistical errors associated with the source bispec-
trum, the reference bispectrum, the sky bispectrum for
the source and the sky bispectrum for the reference are
estimated from the standard deviations of the bispectral
distributions, σ(Bsou), σ(Bref), σ(Bsky) and σ(B′sky) re-
spectively. From Eq. (6), the relative error of the object
bispectrum is given by

σ(Bobj(ν1, ν2))

|Bobj(ν1, ν2)| =

√
σ2(Bsou(ν1, ν2)) + σ2(Bsky(ν1, ν2))

|Bsou(ν1, ν2)− Bsky(ν1, ν2)|

+

√
σ2(Bref(ν1, ν2)) + σ2(B′sky(ν1, ν2))

|Bref(ν1, ν2) −B′sky(ν1, ν2)| .

(9)



P. Cruzalèbes et al.: Diffraction limited near-infrared imaging of the Red Rectangle by bispectral analysis 603

4.6. Reconstruction of the object Fourier spectrum

In order to reconstruct the object spectrum from the cal-
ibrated object bispectrum, we used a recursive scheme
(Bartelt et al. 1984; Weitzel et al. 1992) starting at the
origin of the Fourier plane

Ô∗(ν3) =
Bobj(ν1, ν2)

Ô(ν1)Ô(ν2)
. (10)

The two object spectral elements Ô(ν1) and Ô(ν2)
must be known to deduce the third element Ô(ν3 =
ν1 + ν2) (called reconstructed spectrum in Fig. 1) from
the calibrated object bispectrum Bobj(ν1, ν2). The initial
conditions, to start the recursive process, set the phase
at the origin of the Fourier space to zero and the object
spectrum to

Ô(0) = 3
√
Bobj(0, 0). (11)

The phases of the two first adjacent object spectral
elements (remember that the spectral vectors are classi-
fied according to a spiral beginning at the origin) are also
set to zero. This can be done without penalty, because
these spatial frequencies are small and because an arbi-
trary choice of the central phases only affects the abso-
lute position of the reconstructed image (Lohmann et al.
1983). Alternatively these phase values can be taken from
the long exposure image.

Since redundancies (number of different (ν1, ν2) bivec-
tors producing the same sum vector; see Cruzalèbes et al.
1992) have been taken into account in the formation of the
bispectrum (see Sect. 4.2), each point of the object spec-
trum Ô(ν3) receives many estimations that are averaged
using the signal to noise ratio (inverse of the relative error)
as weighting factors. Let us designate by R(ν3) the num-
ber of redundancies for the spectral vector ν3 = ν1 + ν2.
Each estimate of Ô(ν3) is numbered by the p index, vary-
ing from 1 to R(ν3). Equation (10) becomes

Ôp(ν3) =
Bobj

∗(ν1, ν2)

Ô∗(ν1)Ô∗(ν2)
. (12)

Thus, the weighted estimate of Ô(ν3) is

Ô(ν3) =

R(ν3)∑
p=1

ωp(ν3)× Ôp(ν3)

R(ν3)∑
p=1

ωp(ν3)

, (13)

where the weighting factor ωp(ν3) is given by the signal
to noise ratio

ωp(ν3) =
|Ôp(ν3)|
σ(Ôp(ν3))

=

(
σ(Bobj(ν1, ν2))

|Bobj(ν1, ν2)| +
σ(Ô(ν1))

|Ô(ν1)|
+
σ(Ô(ν2))

|Ô(ν2)|

)−1

,

(14)

which is the inverse of the relative error deduced from Eq.
(12).

Assuming normal statistics, the statistical error of the
weighted estimate of Ô(ν3) is given by

σ2(Ô(ν3)) =

R(ν3)∑
p=1

ω2
p(ν3)× σ2(Ôp(ν3))

R(ν3)∑
p=1

ω2
p(ν3)

. (15)

Let us notice that there is not an unique way for the
recursion process in bispectral analysis. Lohmann et al.
(1983) present two of them. In general one want to use
triple products with the highest Signal-to-Noise Ratio up
to the highest possible spatial frequency. This by itself im-
plies that the reconstruction scheme is source dependent.
As a consequence of that, a relaxation method has been
developed to smooth irregularities due to the propagation
of the noise in the recursive procedure of reconstruction.
The method is based on the concept that the phase of the
reconstructed spectrum can be relaxed if the modulus is
introduced in the procedure as a constraint.

4.7. Relaxation of the triple phase factors

Since the reconstruction of the object complex spectrum
has been achieved by averaging the noisy bispectrum, the
recovered object spectrum is noise affected. As a result
of that, the reconstructed object bispectrum, which can
be calculated with the recovered object spectrum, does
not agree perfectly with the input calibrated object bis-
pectrum, obtained from Eq. (6). An iterative spectral re-
laxation procedure is performed, initially developed for
Knox-Thompson analysis (Hardy et al. 1977; Drummond
et al. 1988), that smooths irregularities and converges to
a solution for the object reconstructed complex spectrum
compatible both with the input calibrated bispectrum and
with the input calibrated power spectrum.

The principle of the method is to introduce in the re-
construction procedure of Eq. (12) the calibrated power
spectrum as a constraint for the modulus of the spectral
elements Ô(ν1) and Ô(ν2) as following:

Ôp(ν3) =
Bobj

∗(ν1, ν2)√
Pobj(ν1)Pobj(ν2)

Ô(ν1)Ô(ν2)

|Ô(ν1)Ô(ν2)|
. (16)

Thus, only the phase is kept as a result for the re-
construction from the calibrated bispectrum, while the
modulus is constrained by the calibrated power spectrum.
Figure 1b shows the reconstruction and relaxation proce-
dures, which are the core of the general algorithm pre-
sented in Fig. 1a.

Pobj(ν) =

∣∣∣∣<Psou(ν)>−<Psky(ν)>
<Pref (ν)>−<P ′

sky
(ν)>

∣∣∣∣ is the sky corrected and

seeing calibrated object power spectrum obtained from
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Eq. (3) with the original power spectra of source, refer-
ence, sky for the source and sky for the reference. Let us
notice that, in order to avoid zero divisions when calibrat-
ing the power spectrum, we have also used the iterating
Van Cittert algorithm described in Eq. (8) but applied to
the calibration of the power spectrum.

In each loop of the recursive relaxation, the new re-
laxed spectrum is calculated from the input seeing cal-
ibrated bispectrum and the old relaxed spectrum (Fig.
1b).

To check on convergence of the relaxation algorithm,
the distance between the input calibrated object bispec-
trum and the relaxed object bispectrum (triple product of
the relaxed spectrum) is calculated (Fig. 1b) as:

χ =

∫ ∫ ∣∣∣∣∣B(ν1, ν2)− Bobj(ν1, ν2)

σ(Bobj(ν1, ν2))

∣∣∣∣∣dν1 dν2∫ ∫
dν1 dν2

(17)

Convergence is reached when the bispectral distance
defined in the above equation tends to a constant (and
not null) value. On average, changes of the bispectrum
then are of the order or smaller than the corresponding
errors.

As a summary, one can say that the relaxation algo-
rithm iteratively calculates the object complex spectrum
making simultaneous use of the constraints imposed by
the seeing and noise calibrated power spectrum and bis-
pectrum.

4.8. Image reconstruction

After the last relaxation loop, one can extract the final
reconstructed phase factor of the last reconstructed com-
plex spectrum. When combined with the square root of
the power spectrum, it gives an estimate of the final re-
constructed object complex spectrum, being compatible
both with the calibrated power spectrum and bispectral
elements. The reconstructed map (called dirty map in Fig.
1) is obtained by inverse Fourier transformation of the fi-
nal reconstructed complex spectrum (called final relaxed
spectrum in Figs. 1a and 1b).

4.9. Cleaning of the reconstructed maps

Because the calibrated power spectrum has been calcu-
lated over a finite support in the Fourier space up to
the diffraction limit, the reconstructed map clearly shows
rings around quasi point like objects. To get rid of this
effect, we “CLEANed” the reconstructed image of the ob-
ject after relaxation (the dirty map in Fig. 1) with the in-
verse Fourier transform of the apodization filter we used
in Fourier space (the dirty beam in Fig. 1) to have the
power spectrum smoothly roll off at or close to the diffrac-
tion limit of the telescope. After a few 1000 iterations

we reconvolved the final map with a Gaussian function
(the clean beam in Fig. 1) with a full width at half maxi-
mum (FWHM) given by the diameter of the central lobe
of the inverse Fourier transform of the apodization filter.
As a cleaning algorithm we used the Lucy algorithm (Lucy
1974). This cleaning procedure makes the mapping algo-
rithm as well as the quality and resolution in the final
map (the cleaned map) much less dependent on the exact
choice of the apodization filter.

The Lucy algorithm is an iterating nonlinear deconvo-
lution method based on the comparison of the untreated
input map ψ0(α), also called the dirty map, with the cur-
rent estimate of the deconvolved map ψn(α) convolved
(denoted by ⊗) with the dirty beam Sdirty(α) (the ex-
perimental point-spread function). The comparison is per-
formed by calculating a low-pass filtered ratio of the recon-
volved estimate φn(α) (called reconstructed map in Fig.
1) and the input map. This quotient is then used to cal-
culate a new estimate ψn+1(α) (called Lucy map in Fig.
1) of the object O(α). The iterative process stops when
the last estimate reconvolved with the dirty beam agrees
within the measurement uncertainties with the untreated
input map. The reconstructed map is the convolution of
the final estimate (called final Lucy map in Fig. 1) with
the clean beam Sclean(α).

The process is summarized by the following expres-
sions:
• initialization of the process:

ψ0(α) = Orelaxed(α) (18)

• for n = 1 to N :

φn(α) = ψn(α)⊗ Sdirty(α) (19)

ψn+1(α) = ψn(α) ×
[
Orelaxed(α)

φn(α)
⊗ Sdirty(α)

]
(20)

•

Ocleaned(α) = ψN+1(α)⊗ Sclean(α). (21)

Due to the calculation of the quotient Orelaxed(α)
φn(α) in

Eq. (20), the algorithm is sensitive to noise. Therefore, a
weighting function has been implemented which is unity
if the dirty map is higher than a given threshold and zero

elsewhere.

[
Orelaxed(α)
φn(α) ⊗ Sdirty(α)

]
is only calculated in

that area. To check on convergence of the algorithm, the
root mean square between the input dirty map and the
current Lucy deconvolved map reconvolved with the dirty
beam is calculated.

The result of the Lucy deconvolution exhibits the fol-
lowing properties (Lucy 1974):

1. The reconstructed map exhibits a maximum degree of
smoothness and continuity.
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2. The reconstructed map differs from the dirty map only
by amounts that can ascribed to errors in the measure-
ment.

3. The method is flux conserving.
4. After a infinite number of iterations the method con-

verges to the maximum likelihood solution.

Fig. 2. Bilinear interpolated reconstructed map of the Red
Rectangle in K-band. North is up and east is left. Field of view
has been restricted to 3′′ × 3′′. Final resolution is 0.2′′. Flux
has been normalized to its maximum. Overplotted contours
are 0.5, 1, 2, 3, 5, 10 and 20% of the maximum of intensity.
Lowest contour is three times the standard deviation of the
noise, measured in regions external to the nebula

Recent comparisons of different deconvolution algo-
rithms applied both to point-like sources and to extended
objects have shown that results of the nonlinear Lucy de-
convolution are in very good agreement with those of the
linear deconvolution obtained by division of Fourier trans-
forms (Cunningham & Anthony 1993).

Several thousand iterations were used for the Red
Rectangle deconvolution. The resulting maps were then
reconvolved with Gaussian functions of 0.2′′ in K-band,
0.3′′ in L’-band and M -band FWHM. Although the the-
oretical diffraction limits are about 0.12′′ at K for a 3.81
m telescope, 0.22′′ at L’ and 0.28′′ at M for a 3.58 m
telescope, we have degraded a little the resolution of the
reconstructed maps, in order to keep only the most signif-
icant features in the Red Rectangle.

Fig. 3. Bilinear interpolated reconstructed map of the Red
Rectangle in L’-band. North is up and east is left. Field of view
has been restricted to 3′′ × 3′′. Final resolution is 0.3′′. Flux
has been normalized to its maximum. Overplotted contours
are 0.5, 1, 2, 3, 5, 10, and 20% of the maximum of intensity.
Lowest contour is three times the standard deviation of the
noise, measured in regions external to the nebula

5. Discussion

5.1. Red Rectangle morphology

The result of the bispectral analysis processing of about
360 short exposures of the Red Rectangle in the K band
is displayed in Fig. 2. The angular resolution after image
reconstruction is of 0.15′′. The L’ and M band speckle
reconstructions at a respective resolution of 0.2′′ and 0.3′′

are shown in Figs. 3 and 4. In each map the lowest con-
tour level is about three times the standard deviation of
the noise (measured in regions external to the nebula).
The bispectral analysis processing in L and M bands was
performed on about 5000 short exposure frames.

The general features of the nebula are the same in each
of the near-IR images: the overall shape of the nebula is
bipolar. Figure 5 illustrates schematically the geometry
of the nebula mainly based on the M -band reconstructed
map (Fig. 4) which shows the most extended structures
(compared to the K-band and the L’-band). The central
part 0.7′′ in size lies between two side lobes, 1.2′′ in size for
the North-eastern lobe, and 1′′ for the South-eastern one.
The opening angle of the outflow indicated by the NIR
extensions is of the order of 20◦ (from North to East).

In K-band (Fig. 2) the result of our mapping is in ex-
cellent agreement with earlier reconstruction of the same
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Fig. 4. Bilinear interpolated reconstructed map of the Red
Rectangle in M-band. North is up and east is left. Field of view
has been restricted to 3′′ × 3′′. Final resolution is 0.3′′. Flux
has been normalized to its maximum. Overplotted contours
are 1, 2, 3, 4, 5, 10, and 20% of the maximum of intensity.
Lowest contour is three times the standard deviation of the
noise, measured in regions external to the nebula

data set using the Shift-and-add method and the Knox-
Thompson method (Beckers et al. 1988, Eckart et al.
1990). The nebula was also observed by Rouan et al.
(1993) in K, L and M bands and more recently in H
band by Roddier et al. (1995). These observations gave
almost similar results and were obtained using adaptive
optics technics.

It is interesting to notice that our 2.2 µm reconstructed
image (Fig. 2) is also very close to the 1.65 µm Lucy de-
convolution of the best image presented by Roddier et
al. (1995). The X shape of the image already seen at
1.65 µm is also present at 2.2 µm. These spikes can be
interpreted in terms of radiative transfer of the stellar
light in a biconus shaped dust shell producing the nebula.
Yusef-Zadeh & Morris (1984) have demonstrated that
both the rectangular shape and the diagonal spikes of the
Red Rectangle are the consequence of the scattering of
light by the particles present in the envelope. These au-
thors have performed a simulation of the radiative trans-
fer with a density law for the envelope corresponding to a
disk concentration of matter with a progressive decrease
following the latitude angle θ (θ = 0◦ corresponds to the
plane of the disk). A cut-off in the density law for θ ' 60◦

may be responsible for the observed X shape of the nebula
(Yusef-Zadeh & Morris 1984).

Fig. 5. Simplified geometry of the Red Rectangle based on the
M-band reconstructed map. A central lobe 0.7′′ of diameter lies
between 2 side lobes, 1.2′′ of diameter for the North-Eastern
lobe and 1′′ for the South-Western one. The position angle
(PA) defined by the centers of the side lobes is about 20◦ (from
North to East)

The rectangular shape is a known characteristics of the
Red Rectangle in the red light of the visible. This rectan-
gular shape holds at the first order up to λ = 5 µm. The
scattering of light by dust is probably still efficient. Large
particles of dust seem therefore to be present in the envi-
ronment of HD 44179. This point was already established
by Cohen et al. (1975) on the basis of polarimetric mea-
surements.

5.2. Red Rectangle central star subtraction

To study the circumstellar environment, it is useful to sep-
arate the central stellar emission from the nebular flux
(Hora et al. 1993). As instrumental PSF we used Gaussian
functions of 0.2′′ in K and 0.3′′ in L’ and M as described
in the end of Sect. 4.9. The flux contribution from the
central object HD 44179 (V=9, Cohen et al. 1975) can be
removed from the nebular image by subtracting a scaled
reference star image (Figs. 7a to 7c).

When the central star is scaled to subtract all the flux
at the central position, a ring around the central posi-
tion is left. In addition, these residual features are nar-
rower than the instrumental PSF, so we regard them as
being artificial. Instead we followed a different procedure
to subtract the stellar component: assuming that it is
more likely that there is a substantial contribution from a
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Fig. 6. Profiles of the Red Rectangle through the side lobes
(PA = 20◦). The profiles have been normalized so that the
maximum level of intensity is 100 and the profiles are centered
on the maximum of the central star. Each wavelength is as-
signed to a different line type, shown in the upper-left corner
in the figure

Fig. 7. a) PSF-subtracted profiles of the Red Rectangle at
K . They show the original data (dot-dash line), the scaled
standard star (dashed line), and the result when the star is
subtracted (solid line)

spatially extended emission component in the central re-
gion (labeled “Central excess” in Table 1), we chose the
unresolved central stellar flux (labeled “Star” in Table 1)
to be the maximum possible value that does not create a
central minimum.

Table 1 gives the near-IR relative fluxes of the Red
Rectangle at each wavelength for each of the component
of the image. Fluxes are measured in the central part and
in the lobes defined in Fig. 5 (based on the M -band map).
Errors are estimated via the standard deviation of the
noise measured in regions external to the nebula.

Fig. 7. b) PSF-subtracted profiles of the Red Rectangle at
L’. They show the original data (dot-dash line), the scaled
standard star (dashed line), and the result when the star is
subtracted (solid line)

Fig. 7. c) PSF-subtracted profiles of the Red Rectangle at
M . They show the original data (dot-dash line), the scaled
standard star (dashed line), and the result when the star is
subtracted (solid line)

5.3. Broad-band spectral decomposition

To determine the absolute infrared photometry in the
K, L’ and M bands, the observations of Cohen et al.
(1975), Allen et al. (1977), Kleinmann et al. (1978)
and Gezari et al. (1987) summarized in Table 2 were
used. The mean fluxes of the Red Rectangle in K,
L’ and M bands, mainly based on Cohen et al.
(1975) are estimated to be F (K) = (1.55±0.06) 10−15

W.cm−2.µm−1 ([K]=3.5±0.1), F (L’) = (2.45±0.1) 10−15

W.cm−2.µm−1 ([L’]=1.3±0.1) and F (M) = (2.01±0.08)
10−15 W.cm−2.µm−1 ([M ]=0.1±0.1).

Our spectral decomposition allows a new insight into
the physics of the radiation mechanisms responsible for
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Table 1. Red Rectangle component fluxes (in % of the total flux)

the extended continuum emission of the Red Rectangle:
Fig. 8 shows the decomposition of the K, L’ and M total
flux into a central unresolved stellar component, a central
extended excess and a combined side component (NE lobe
+ SW lobe) as we could obtained from this analysis.

The contribution of the nebula to the broadband spec-
trum apparently increases rapidly towards longer wave-
lengths. There are two ways out:

a) Scattering by big dust grains (a ≥ 0.5 µm). A prob-
lem with this solution is to determine the reality of this
assumption and the abundance of the grains. According
to Bregman (1977) from 8 to 13 µm infrared spectroscopy
measurements, amorphous carbon seems to be the most
probable material responsible for the observed continuum.
The polarimetric data of Cohen et al. (1975) suggests the
presence of large particles.

b) Thermal emission by dust with a temperature of a
few 100 K. The problem here is to find out whether and
at which distance from the star this warm dust exists.
According to a radiative transfer model of Lopez et al.
(1995), emission from dust heated by the radiation field
of the star dominates in the near infrared.

More detailed broadband diffraction limited contin-
uum imaging is required to distinguish between these pos-
sibilities. Most likely a combination of both is required to
explain the properties of the extended emission.

5.4. Clumps or binarity ?

Some of the features in our image are interesting to discuss
in more details. The cut drawn through the center of the
nebula (Fig. 6) shows in K band a shoulder that appears
more clearly after subtraction of the central component of
the image (Fig. 7a). The shoulder peaks at about 0.2′′ to
the North.

This characteristics was mentioned by Leinert & Haas
(1989). They detected in their J , H and K speckle mea-
surements a non-compact feature roughly shifted of 0.15
arcsec to the North. Because the shoulder seems to be
non-compact, it is more likely to be associated to some
radiative transfer effect in the dust shell rather than to a
companion star. The radiative transfer through a disk-like
structure of dust may indeed produce a crescent shaped
image of the envelope when the plane of the disk is tilted
with respect to the line of sight of the observer (Lefèvre
et al. 1982; Lopez 1994).

Fig. 8. Visible and infrared broadband spectrum of the Red
Rectangle (X points, dotted line), based mainly on Cohen et al.
(1975), Allen et al. (1977). Kleinmann et al. (1978) and IRAS
measurements. Near-infrared fluxes of the reconstructed maps
are shown at K , L’ and M for the central star (asterisks), the
central excess (diamonds) and the side lobes (NE lobe + SW
lobe, squares). Both axes are logarithmic. A blackbody curve
(solid line) fitting the central part near-infrared measurements
is shown for comparison

In the West and East directions, some components are
present in our images, especially in the K-band (0.75′′

East, 0.4′′ West, 0.9′′ West and 1.2′′ West, relative to the
center). Following Roddier et al. (1995) interpretation of
their 1.65 µm images, the edges of a slightly inclined dark
disk could produce some of the observed bright structures
in the East and West. HD 44179 is suspected to be a
binary star (Cohen et al. 1975; Meadows et al. 1987). We
may not exclude that one of the feature could be linked
to the probably reddened companion star. Some clumps
in the stellar environment could also be the origin of the
detected structures.

In terms of stellar evolution it is of importance to mea-
sure the position of the stellar companion and to further
estimate the orbital parameters of the system. Most post-
AGB sources present axisymmetrical images (Bujarrabal
et al. 1992). Following the mechanism proposed by Mor-
ris et al. (1987), the mass loss of the late type star can
be strongly perturbed by a second stellar component. The
material is ejected in a non-spherical geometry and could
even produce an accretion disk. We don’t yet know at
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Table 2. Visible and infrared broad-band photometry of the Red Rectangle

present if the bright star HD 44179 we observe is the
mass loosing evolved star or its companion (Roddier et
al. 1995).

6. Conclusion

We have shown that the bispectral analysis is a power-
ful method for reconstructing images observed in the near
infrared in speckle mode. We have also shown the fea-
sibility of two new numerical techniques included in the
data processing. These are the iterative division (based on
Van Cittert 1931) and a relaxation algorithm to calculate
the complex source spectrum using measured triple prod-
ucts, calculated triple phases and the calculated power
spectrum. The results obtained for the Red Rectangle
are very encouraging. Images of the extended structure
constituted by the dust shell of HD 44179 are in good
agreement with those previously observed by means of
adaptive optics. The physics of the near stellar environ-
ment of the source requires more high spatial resolution
and multi-wavelength observations to be included in the
interpretation. High spatial resolution performed at multi-
wavelength brings some useful information on the broad-
band spectrum of the object as it helps to separate the flux
contribution from the nebula to the stellar radiation. With
the angular resolution we presently have, some radiative
transfer model could be performed to precise the charac-

teristics of the outflow and disk surrounding HD 44179
and to distinguish between the contribution of scattered
light from the central star and emission of warm dust.
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Von der Lühe O., Pehlemann E., 1988, Speckle masking imag-

ing of extended sources, in: Proceedings of the ESO Confer-
ence on High-Resolution Imaging by Interferometry - Part
1. In: Merkle F. (ed.), European Southern Observatory,
Garching bei München, Germany, p. 159

Weigelt G., 1977, Opt. Commun. 21, 55
Weitzel N., Haas M., Leinert C., 1992, Comparison of

Knox-Thompson and bispectrum phase recovery for two-
dimensional near-infrared speckle data, in: Proceedings of
the ESO Conference on High-Resolution Imaging by Inter-
ferometry II - Part 1. In: Beckers J.M. and Merkle F. (eds.),
European Southern Observatory, Garching bei München,
Germany, p. 511

Yusef-Zadeh F., Morris M., 1984, ApJ 278, 186


